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I’lll*: followiii}* mutant tin* ,%tiir4. titer * 4 " 4 

roume of lerttur * delivered 4! the C avemlidt l,uhor;o 
It try in til** Mil harhmn Term of tHHn, 

Koine *4 the result h have already bent j!iit4i"4irit 
in i hr Phiitiitijihu 4 ! TramarltouH of the Royal 
Society I * *1 iHHt* 4 nil t SHy, hut a-* they relate in 
phenomena whirl* belong to tin* huidriiatnl between 
two depat ImriiN of Wiydmc ami winch are generally 
either entirely neglect* d or but briefly not uni it) 
treat men upon either* I have thought that if ttuijlif 
perhaps be *4 serv ire to *4udr«tP< of Physics in 
publish thru* in a mure complete form, I have 
included iu the ho* *k an account *4' nnjiir invest ipa 
lions pubthhrd after the delivery of the lectures 
which illustrate the methods desciibed therein 

There are two modes of establishing the connexion 
between two physical phenomena; the mm| obvious 
*H well ah the most iulereHtin^ of these n to *4 a* t 
with triedworthy them ten of the j4ienoinena in «p trv- 
thill anil to trace every step of the connexion brtwrrrt 
them* I hiN however in only possible in an exceed- 
ingty limited tuimber of cases* ami we are in pennat 
compelled tof Ita^e bourse to t ficj other mode «n 
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PREFACE. 


which by methods which do not require a detailed 
knowledge of the mechanism required to produce the 
phenomena, we show that whatever their explanation 
may be, they must be related to each other in such 
a way that the existence of the one involves that 
of the other. 

It is the object of this book to develop methods 
of applying general dynamical principles for this 
purpose. 

The methods I have adopted (of which that used 
in the first part of the book was suggested by 
Maxwell’s paper on the Electromagnetic Field) make 
everything depend upon the properties of a single 
function of quantities fixing the state of the system, a 
result analogous to that enunciated by M. Massieu 
and Prof. Willard Gibbs for thermodynamic pheno- 
mena and applied by the latter in his celebrated paper 
on the “ Equilibrium of Heterogeneous Substances” 
to the solution of a large number of problems in 
thermodynamics. 

I wish in conclusion to thank my friend Mr L. R. 
Wilberforce, M. A., of Trinity College, for his kindness 
in correcting the proofs and for the many valuable 
suggestions he has made while the book was passing 
through the press. 


J. J. THOMSON. 

Trinity College, Cambridge, 

May 2nd , 1888. 
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APPLICATIONS OF DYNAMICS TO 
PHYSICS AND CIIKMISTRY, 


CHAI'TKK 1. 

I'UKI.IMl NAKV UATUKSs, 

*, Ik vvp ennstder the principal advances made in t liter 
Physical Sciences during the List titty yearn, such as the* 
extension of tin* piinciple of the ( ’onse* vaitoo of Energy 
from M echanti s to I It y sit h, the development of the Kinetic 
Theory of Gases, the discovery of the Induction of Electric 
Currents we shall find that one of then most r onspu nous 
elfeetH has been to intensify the belief that all physical 
phenomena can he explained by dynamical principles and 
in stimulate the search for such explanations, 

Hum belief width is the axiom on which all Modem 
Phy .icx is founded has been held eve* since men first began 
to reason nut! speculate about tmfitial phenomena, |*ut f with 
file remarkable exceptions of its an i cssfnt application in 
the C aifjitiseular and Uudnlatory Theories of Eight, it 
remained unfruitful until the rescan hes of Envy* Umtifonh 
Joule, Mayer and others showed that the kuniti energy 
possessed try bodies in visible motion can In* vriy readily 
converted Into heat, joule moreover proved that whenever 
thin is done tire relation between the quantity of tantitr 
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energy which disappears and the quantity of heat which 
appears in consequence is invariable. 

The ready conversion of kinetic energy into heat con- 
vinced these philosophers that heat itself is kinetic 1 
energy; and the invariable relation between the quantities 
of heat produced and of kinetic energy lost, showed that 
the principle of the Conservation of Energy, or of Vis-Viva 
as it was then called, holds in the transformation of heat into 
kinetic energy and vice vers! 

This discovery soon called attention to the fact that 
other kinds of energy besides heat and kinetic energy 
can be very readily converted from one form into another, 
and this irresistibly suggested the conclusion that the various 
kinds of energy with which we have to deal in Physics, such 
for example as heat and electric currents, are really forms of 
kinetic energy — though the moving bodies which are the 
seat of this energy must be indefinitely small in comparison 
with the moving pieces of any machine with which we are 
acquainted. 

These conceptions were developed by several mathema- 
ticians but especially by v. Helmholtz, who, in his treatise 
Ueber die Erhaltung der Kraft , Berlin, 1847, applied the 
dynamical method of the Conservation of Energy to the 
various branches of physics and showed that by this prin- 
ciple many well-known phenomena are connected with 
each other in such a way that the existence of the one 
involves that of the other. 

2. The case which from its practical importance at first 
attracted the most attention was that of the transformation 
of heat into other forms of energy and vice vers! 

In this case it was soon seen that the principle of the 
Conservation of Energy — the First Law of Thermodynamics 
as it was called — was not sufficient to obtain all the relations 
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existing between the effeem of hem on the various pro 
pertiu* of n hotly and the hr.it prodtived nr absorbed 
when certain changes take plate in the body, but that 
thene relations could be deduced by the help of another 
principle, the Seetmtl Law ofThermodynaum s whu It states 
that if to a system where all the actions are pertet fly tvvrr 
ruble a quantity of’ heat d(J be communicated at the absolute 
temperature 0, then 



the integration being extended over any complete tyrlr of 
operations, 

litis statement is founded t*n various axioms by dsffeieitf 
physicists, thus for example ( lausmx bases it upon the 
••axiom** that heat cannot of itself pass hunt one body to 
another at a higher temperature, and Sir William Thomson 
on the “axiom “ that it is impossible by means of inanimate 
material agency to derive met iuum al H!r*f from any pm 
t ion of matter by voiding it below the temperature of the 
coldest of the surrounding ohjet is, 

Huts the Second haw of Thennodvuaum x is derived 
from experience ami is not a purely dymimn al piim iplr, 

We might have expet led it ft out dynamical con- 

^derations that the prim iple of the C onset vatmn of Ixm-rgy 
would not be sullteirttl by itself to enable ns |o deduce all 
the relations widt h exist between the various properties of 
bothes, Kor this principle is rather a dymimtt al result than 
a dynamival method and in general is not sufficient by 
itself to solve c ompletely any dyttattbt al pmltlem. 

limn we emtld not expert that foi the dynaum al tirsi 
tnenf of Physios the principle of the Catnsmsitioti of Kticrgy 
mmM ^ sufficient try itself, simr it is not so in the mm h 
iimpler eases wliieh occur in ordinary Mo liatm s, 
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The resources of dynamics however are not exhausted 
even though the principle of the Conservation of Energy has 
been tried. Fortunately we possess other methods, such as 
Hamilton’s principle of Varying Action and the method of 
Lagrange’s Equations, which hardly require a more detailed 
knowledge of the structure of the system to which they 
are applied than the Conservation of Energy itself and yet 
are capable of completely determining the motion of the 
system. 

3. The object of the following pages is to endeavour 
to see what results can be deduced by the aid of these r 
purely dynamical principles without using the Second Law > 
of Thermodynamics. 

The advantages of this method in comparison with that 
of the two laws of Thermodynamics are 

(1) that it is a dynamical method, and so of a much more 
fundamental character than that involving the use of the, 
Second Law ; 

(2) that one principle is sufficient instead of two ; 

(3) that the method can be applied to questions in which 
there are no transformations of other forms of energy from 
or into heat (except the unavoidable ones due to friction), 
while for this case the other method degenerates into the 
principle of the Conservation of Energy, which is often not 
sufficient to solve the problem. 

The disadvantages of the method on the other hand are 
that, since the method is a dynamical one, the results are 
expressed in terms of dynamical quantities, such as energy, 
momentum, or velocity, and so require further knowledge 
before we can translate them in terms of the physical 
quantities we wish to measure, such as intensity of a 
current, temperature, and so on : a knowledge which in all 
cases we do not possess. 
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Hit* 8r< oml f aw of Thrtmodymtmira on thr nth n Inand, 
bring hast'd on rspt rirnt r thu s nut involvr any ^tnuaitty 
whit h ruitm.it hr mruatrcd in tin* t’hyMtal laboratory 

I* or this rvimm thrrr ;trr stiiw; tusr** wltrrr thr S«s nml 
law of Thrmiodytmum a k\uh to morr dt tinitr rrsttlis than 
thr dytmmuwl mrthoth* til Hamilton or Jagtisitgr, Kwn 
hrrr l venturr to think thr madt * of thr ajijiluatioft of thr 
dynamical mmhud will hr found intonating, m thry dtrnv 
what {art of thr a* {uohlrms ran hr iulvrtl by dynunm *>, unit 
wlmt Ian to In 4 dour by rouadrraUum win* It arr thr iratlt^ 
of rxjirrirnrr, 

4* Many nttnupl* have born mu tlr to 4 tow that thr 
Smmd law of rhrrmodynamu s i< a <om>r*jurmr *4 tlir 
Jirinri|»lr of l .rn*4 Anion ; Hour of thrsr |*foot*i ^rrm *|mfr , ‘ 
siliwhttiory ; hut rvrn if thr i ouitrMoti had tu rn jwoM'd m 
an ultra rfitionuhlt? way it would still dratahlr to 

mvrHtigatr thr rratfm of allying thr fii*mi|4r of f r.rl 
Anion, or thr e*|uivah*ut our *4 lagraugrA Ivfiuittott^ 
dirnlly to vuiiotis |*hy»i* tl j*rohlrma 

If thr a 4 rrasln agrrr with thtnr ohtaifird hy thr mt of' 
thr Srroml law of Thrtmodynamu % if will hr a kind of 
pKUti«al | * i oof of fhr rmmruun hrfwrrti llm law and thr 
|»rmt*i|»le of Least A* liott, 

S* ( 1m alruug our almost lomfilrtr tgooutm r of thr 
Htrurturr of thr hodim whit h form mua of thr dymtsott at 
systems with whh h wr have to dial in j»hyat n, it might 
win a somewhat unfitunmmg uudnhtking to 4 Mrmj 4 to 
dytutiiin •* to nurh system*' Hut we must femrmhrt 
that thr ohjrt t of tins u}*|4u utimi in not to dia ovrt tlir 
jimjiertir* of' atilt systems m an altogether 4 /ner# funhiott, 
hut milter to firrdirC thrit behaviour under rrtfam no ftttt 
slatirrs after having observed tl under other*. 

A dynamical tnuittfilr may dlustfate wh.it fhr a|»|*hr4tiott 
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of dynamics to physical problems may be expected to do, 
and the way in which it is likely to do it. Let us suppose 
that we have a number of pointers on a dial, and that 
behind the dial the various pointers are connected by a 
quantity of mechanism of the nature of which we are 
entirely ignorant. Then if we move one of the pointers, A 
say, it may happen that we set another one, B, in motion. 

If now we observe how the velocity and position of B 
depend on the velocity and position of A , we can by the aid 
of dynamics foretell the motion of A when the velocity and 
position of B are assigned, and we can do this even though 
we are ignorant of the nature of the mechanism connecting 
the two pointers. Or again we may find that the motion of 
B when A is assigned depends to some extent upon the 
velocity and position of a third pointer C : if in this case we 
observe the effect of the motion of C upon that of A and B 
we may deduce by dynamics the way in which the motion 
of C will be affected by the velocities and positions of the 
pointers A and B. 

This illustrates the way in which dynamical considera- 
tions may enable us to connect phenomena in different 
branches of physics. For the observation of the motion of 
B when that of A is assigned may be taken to represent the 
experimental investigation of some phenomenon in Physics, 
while the deduction by dynamics of the motion of A when 
that of B is assigned may represent the prediction by the 
use of Hamilton’s or Lagrange’s principle of a new phenome- 
non which is a consequence of the one investigated experi- 
mentally. 

Thus to take an illustration, suppose we investigate 
experimentally the effect of a current of electricity both 
steady and variable upon the torsion of a longitudinally 
magnetized iron wire along which the current flows, then we 
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can deduce by dynamieH the effect** of lordon and variation** 
of' torntou in the were upon a cuuenl ffmving along it. 

The method v% really njiuvalenf to an eyfrteann and 
generali/,athm ul tin* pdm iple of the equality of actum ami 
reaction, ;e* when we have two bodies A and // acting upon 
each other d vve observe the motion ut // which remit** when 
A uuivrH m a known way we can dcdin r by the aid of tin** 
prim iple the motion of A when that of /# h known, The 
more general t a *e whit it we have to eoteadcr m l # hydc*» e* 
when utateatl oj two bod ten aura* fmg ra* h other we have 
two phenomena whu h mutually influence rath other. 
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THE DYNAMICAL METHODS TO BE EMPLOYED. 

6. As we do not know the nature of the mechanism of 
the physical systems whose action we wish to investigate, all 
that we can expect to get by the application of dynamical 
principles will be relations between various properties of 
bodies. And to get these we can only use dynamical 
methods which do not require an intimate knowledge of the 
system to which they are applied. 

The methods introduced by Hamilton and Lagrange 
possess this advantage and, as they each make the behaviour 
of the system depend upon the properties of a single func- 
tion, they reduce the subject to the determination of this 
function. In general the way that we are able to connect 
various physical phenomena is by seeing from the behaviour 
of the system under certain circumstances that there must be 
a term of a definite kind in this function, the existence 
of this term will then often by the application of Lagrangian 
or Hamiltonian methods point to other phenomena besides 
the one that led to its detection. 

7. We shall now for convenience of reference collect the 
dynamical equations which we shall most frequently have to 
use. 

The most generally useful method is Hamilton’s principle 
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of Varying Act tun at curding to which (see UmtthS AJmmrJ 
h*$giii / lymmits, p, 445) 

«/V n.* | S '"V'' 

when: T anti t* arc respe< lively the kinetic amt potential 
energies of the system, / the turn*, and */ a coordinate ut 
any type. In this case f u and /, ate each supposed tu tie 
constant, 

tn ?amie cases it is convenient tu use tin* e* {nation in this 
farm hut in others it is mure convenient to use I ^grange's 
ha {nations, which may he droved from etpiamm (1) (KmuhS 
AJramrJ /hmtmu i 4 p, a pi) am! whn h may he 

written in the form 

J J/ #// (> U). 


Jf J4 <6/ 

T r and is called the latgiangian 
external Jon e a* ting on the system 


where /, is wi it ten for 
fun*, t ion ami is tin 
tending to tm tease y, 

In the preceding equations the kinetic energy is sup 
posed to lie expressed in terms of the velocities ut the 
1 ootdtuatrs. to many cases however instead of working 
with tile Vrhn {firs t onespondtMg to all the inordinate'* It is 
utoie convenient to work with the vrh« tiles cmrespomlmg 
to some « oonhuaies hut with the momenta couespomlmg tn 
the others, ‘Hiss is especially ronvenieut when some of 
the coordinates only enter the Hagrattgiin function thtmtgh 
their differential coefficients and do not themselves occur 
explicitly in tins fiim turn* In a pipe* M i hi some Appln a 
lions of Ifynamnal Ihimiph ** to tltysn at Hieuomrna # * 
1V*h$ a, tttiij, hast 11, | I have called these 41 kinos 
theme** rnfirdmates, in the following pages the trim 
** speed coordinates M will for the sake of brevity t§r used 
instead wherever if will not lead to ambiguity. 
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, The most important property of such a roonltmttr k 
that whenever no external force of its type at u upon the 
system, the momentum corresponding to it k 
For if x be a speed coordinate, since 
dl 

j o f 
dX 

we have by Lagrange's equation since no external fitter? 
acts on the system 


d dl 
t/i dj( 


W 


as the momentum corresponding to x k *//VX» thin rqtta 
tion shows that it is constant. 


8. Routh {Stability of Afaiim, p, 61) hat* given a general 
method which enables us to use the veloutirs of some 
coordinates and the momenta corresponding to the remain 
der, and which is applicable whether these latter coot dilutes 
are speed coordinates or not. 

The method is as follows; suppose that we wish in use 
the velocities of the coordinates ,/ (l ,4, and the momenta 
corresponding to the coordinates thru Rmith h<t* 

shown that if we use instead of l the new tmtettmt /' given 
by the equation, 


II l 


*/*!*« 


*U 


At 




and eliminate b y means of the equations 




dT 


* 1 


,rr 


...A. 


4- ' ** 4, 

then as far as the coordinates ,/ fl arc coin cincd w r nt,ty 
use Lagrange’s equations if wu stile, tituie /* |«,r I wv 
have a series of equations of the type 
t( <W <//,' 


DYNAMICAL MKTMODS. 


I I 


If we call 

if 7* 
ti*ih 

the part «f the kinetie energy eorrespomling to the 
nate 4 »i then we nee by (4) that // the kinetie energy of 
the hyntein mi fun it •* potential energy nurnn twit e the kinetic 
energy corresponding to the e ootdmatrH whose vein* itir* ate 
eliminated, 

i). If we do not know the sum mre oj tin * system all 
that we tan determine hy observing in* behaviour will he 
the Fagrangian function or its moditied form, and since 
thin font don completely determines the motion ol the 
ftyntetn it is all we regime lot the investigation nl # t o 
properties, We nee however that when we calculate the 
‘•energy” corresponding to any physical condition the in 
terpretalion may he ambiguous if the etieigy e* in«t * ntiody 
potential. For what we really « ah ulate is the Fagrangian 
him t ion or its modified form and flu * is the kinetic energy 
min $n the potential energy maun twice the kinetic rurigy 
i ot responding to the to* udmates whose veto* iltes cue ehuu 
Hated, So that the term m the energy win* h we have t at 
minted may hr any one of these three things, Thu* to 
take an example, tf in said that the energy of a piece of 
mill iron of unit volume, throughout which the intensity 
of utitgneti/ation is uniform and equal to /, c* 
whet e k ih the * ortl'ic lent of maguetii indue turn of the 
non, tnif all that this means is that the term /* umio 
in the Fagratigian fun* non (modified *»* otherwise) of 
the system whose motion 01 rntihguruUnu prodmes the 
phenomenon of magnet* Mttmi. And without huthei % on 
Htderaiiom* we do not know whether this represents an 
amount of kiuetie energy i $ sk or potential energy / f 
or Home kiuetie energy corresponding to comdmatrs whose 
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velocities have been eliminated, or some combination of alt 

three of these. 

xo. This ambiguity however does not on nr if" we have 
the system completely mapped out by coordinates, Iterance 
in this ease whenever we find a term in the t.agrangian 
function it must he expressed in terms of then* cooidinatrs 
and their velocities, or it may be the momenta corresponding 
to them, and we can tell by inspection whether thr trim 
expresses kinetic 4 , or potential energy. Two investigations m 
the second volume of Maxwell's Eiulthtiv ami 
afford a good illustration of the way in whirl* this ambiguity 
is cleared away by an increase in the precision of «mr a Iras 
about the configuration of the system. In the early fart of 
the volume by considering the mechanical forces beta cm two 
circuits carrying electric currents, it is shown that two sin U 
circuits conveying currents /, j possess a quantity of potential 
energy - Mtj where M is a quantity depending on the shape 
and size of the two circuits and their relative position, f afrr 
on however when coordinates capable of fixing the electro at 
configuration of the system have been introduced n is shown 
that the system instead of possessing • *!//>' units of potential 
energy really possesses * Xtij units of kmcric, 

ir, The following considerations nay be useful as 
helping to show that tins ambiguity »h largely verbal amt is 
probably mainly due to our ignorance of what potential 
energy really is. 

Suppose that we have a system fixed by h coordinates! 
of the ordinary kind, that is, coordinates whit It 
occur explicitly in the expressions for the kmrm «*r pointful 
energies, afid which we shall call faiitwthjf coot dilutes, 
and m kinosthenic or speed coordinates 
us further suppose that there are no terms m the r*]irr*b»» 
for the kinetic energy which involve the product of the 
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velocity of n y and a </* coordinate and that the system has 
mi potential energy. 

Then by Month's method we t an use BagtangeS equation 
for the y eotrnli nates if' instead of tin* ordinary Bagtaiigimt 
function /, which retim es in this t ase to die kinrtit energy 
we tine tin* modified turn Iron // given by the etpution 


/ ‘ A %4 


,#/r 


tf*j* 


or, 








and where */*,, </* # are to he eliminated hy the aid of the 

equations 

4T 


*P 


♦A/*# 


Urns si nee the expression lot / does not contain am 
terms involving the product of the velocity of ay amt a tf* 
coordinate, // will he of tin* form 

t %4-$i f 

where /,* #/ , is tire kinetic energy arising from the motion of 
the y or posit tonal coordinates, f\ u . that arising from the 
motion of the kinosthenic or speed i omdinates, 

By Booths modification of the Bagtangian equations 
we have 

4 

hut ,n ‘** 

"it 

**« tltitt ct|tiutitm (H} mltu t H i» 


,/ 4 


*f*t 1 ^ mMM) ***■*>' »(^), 


#/ #/ /|^| 


4 'i j 
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If the system fixed by the positional coordinate?* 1/ 
had possessed a quantity of potential energy equal to i \ the 
equations of motion would have been of the type, 

d d /, w j d /fy^i dt 

dt dt) x d*l % S / , 

By comparing equations (9) and (to) we see that the 
system fixed by the positional coordinates q will behave 
exactly like a system whose kinetic energy is T m% and whose 
potential energy is 7 ]^) . 

Thus we may look on the potential energy of any system 
as kinetic energy arising front the motion of systems run 
nected with the original system the configurations of these 
systems being capable of being fixed by kiuosilieuir or speed 
coordinates. 

Thus from this point of view all energy is kinetic* and all 
terms in the Lagrangian function express kinetic energy, the 
only thing doubtful being whether the kinetic energy is due 
to the motion of ignored or positional coordinates, this 
can however be determined at onee by inspection, 

12. Some of the theorems in dynamic** become very 
much simpler from this point of view, bet m fake for 
example the principle of Least Action that tor the rm« on 
strained motion of a system whose energy remains constant 



is a minimum from one configuration to another -and apply 
it to the system we have been considering in which all the 
energy is kinetic but some of it m due to the motion of .» 
system whose configuration can he fixe*! by kmmtltmttr 
ccordinates. 

As all the energy in kinetic its magnitude remain^ 
constant by the principle of the Conservation of Energy, 
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and hu the? principle uf Leant Action taken the very MtstpSe 
form, that with a given quantity uf energy any material 
system will hy its unguided mutton go along the path whit It 
will take it from one eonhgmation to another in the least 
possible time. 'The material system must of course im little 
the kinoHtltenie systems whose motion produces the * one 
effect as the potential energy of the origin. il system; and 
two emiiigmationa are not supposed lototittide unless tite 
configuration of these kiltostheuie systems coincide also, 

This view whit h regards all potential energy as really 
kinetic has the advantage of keeping before m the idea 
that it is one of the objects of Physical Science to replant 
natural phenomena hy means of the properties of matter in 
motion. When we have done the* we have got a complete 
physical explanation of any phenomenon and any further 
explanation must be rather metaphysical than phy a* a! It 
ih not ho however when we explain the phenomenon as due 
to changes in the potential energy of the system , lot potential 
energy cannot he said, in the Min t sense nt the term* to 
explain anything. It does little more than embody the 
results of experiments in a form suitable for mathematical 
investigations, 

The matter whose motion constitutes the kinetic energy 
of the k most hem* systems, the 11 «/»“ systems, with h we regard 
as the potential energy of the ” */ “ systems, tuay be either 
that of pails of the system, or the nuttotmdmg ether, or 
both ; in many eases we should expect it to be mamly the 
ether, 
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CIIAITKK III. 

APPLICATION OF THKSK PRIN<*fPLLK To PliVMt'.s. 

13. In our applications of Dynamics to Physio* it will 
be well to begin with the oases which are the most nearly 
allied to those we consider in ordinary Rigid Dynamic *, 
Now in this subject when there is no friction all the motions 
are reversible and are chiefly relations between vector apian 
tides. We shall therefore begin by considering reversible 
vector effects and afterwards go on to revet siblc effects 
involving scalar as well as vector relations ; tin me for 
example in which a scalar quantity such as temperature is 
prominently involved : lastly we shall consider irreversible 
effects. Thus the order in which we shall consider the 
subject will be 

1 . Reversible vector phenomena. 

2. Reversible scalar phenomena. 

I 3 . Irreversible phenomena, 

1 *4- We shall begin by considering the relation* between 

i the phenomena in elasticity, electricity, and magnetism and 

the way in which these depend upon the motion and 
configuration of the bodies which exhibit the phenomena, 
These phenomena differ from some we shall consider 
later on in that we have the quantities concerned in thrttt 
entirely under our control and can by applying p m prt 
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external forces make them take any value we please (sub 
jeet of eour.se to Kueh limitation a s the strength of tfie 
material ami the .saturation of magnets may impose). The 
other phenomena on the other hand depend upon a multi 
tude of coordinates over whose individual motion we have 
no control though we have some over their average modem 
Ah the firm kind of phenomena most closely resemble those 
we have to do with in ordinary dynamics we shall begin 
with them. 

15. The first tiling we have to do when we wish to apply 
dynamical methods to investigate the motion of a system is 
to choose coordinates which can fix its configuration. 

We shall find it necessary to give’ a more general 
meaning to the term “coordinate” than that which obtains 
in ordinary Rigid Dynamic*. There a coordinate is *1 
geometrical quantity helping to fix the geometrical con* 
figuration of the system. 

In the applications of Dynamic's to Physics however, 
the configurations of the systems we consider have to he fixed, 
with respect to such things as distributions of electricity and 
magnetism, for example, as wadi as geometric ally* and to do 
tliis we have in the present state of out knowledge to use 
quantities which are not geometrical. 

Again the coordinates which fix the configurations of the 
systems in ordinary dynamics are sufficient to fix them 
completely, while we may feel pretty sure that the ronrdt 
rmies which we use to fix the configuration of the system 
with respec t to many of its physical properties, though they 
maty fix it an far as we t an observe u, are not sufficient 1** 
fix it in every detail; that is they would not be sufficient 
to fix it if we had the power of observing differences 
whose fineness was comparable with that of molecular 
structure. 
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Hydrodynamics furnishes us with many very good illus- 
trations of this latter point. For example, when a sphere 
moves through an incompressible fluid, we can express tlie 
kinetic energy of the system comprising both sphere amt 
fluid in terms of the differential coefficients of the three 
coordinates which fix the centre of the sphere, though it 
would require a practically infinite number ot coordinates 
to fix the configuration of the flair! completely, 

Now Thomson and Tait (Natumf I*hibsoj*h\\ vt»l. t, 
p. 320) have shown how we can 41 ignore M these coordinate* 
when the kinetic energy can be expressed without them, and 
that we may treat the system as if it were fully determined 
by the coordinates in terms of whose differential coefficients 
the kinetic energy is expressed. 

And again Larmor {Proceedings of Imrftw Afathtmtfi 
ml Society , xv. p. 173) has proved that if // be konth’s 
modification of the Lagrangian function, that k */„ #/ #l , * , 
being the coordinates retained, those ignored, (> l# 

<2g..., % <& 8 the momenta corresponding to these coordinate* 
respectively, if 

L' $ 

then 8 f ' tidt o 

If all the kinetic energy vanishes when tin* positional 
coordinates $r,,...aro constant, as is the ease when a 
number of solids move through a perfect fluid in which 
there is no circulation, // is the difference between the 
kinetic and potential energies of the system. If however 
the kinetic energy does not vanish when the velocities ot 
the positional coordinates all vanish, as for example when 
a number of solids are moving through a fluid in which there 
is circulation, L no longer equals the difference between 
the kinetic and potential energies of the system. 
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It follows from (it), by tin- 1 ‘itlrulttH of Vmiitioiis, tli.it if 
/,' bo mqiruNswl in tonus of a sours of *ju.u»litirs 
and their first differential rm flii imts, thru whatever thrsr 
quantities may hr, wr must have n series of rquatums of tin* 
type 

,i ,u: >ir . , 

.. , » t*a 

<U #/</ tf*/ 


Thus wr sre that wr may treat any variable f|uatititieH 
an roordinatrs if' the modified f .agrangian fun* lion ran hr 
expressed hi terms of thrm ami their lira differential tnrffi 
< kuitn. Wr shall take this as mit definition *4' a i uunlinatr, 

1 6 , Whrn wr introduce a symbol Ut ft* a fdtynkal 
quantity wr may not at first *aght hr sure whether it k a 
roordiuatr or thr differential < ortfh irtil *4' our with rr*q*r* t 
to thr time, 

Fur rsamplr, wr might fee I mo rrtaiti whether thr symltol 
representing thr intensity of » i orient wan a * oordmate **r 
thr differential rorfhrirnt of our. "I hr miiplm! dynamical 
etmsitlemlitms however will enable m to uvroumr this 
rlitfh tilty. Thus if whrn thrrr t, no dinnijutmu of energy 
tty utvver-able processes, thr quantity ir pi r*»eulrd by thr 
symbol remain?* * omaant nmlrr thr at tout of a * onsiani j 
force fending tit alter its value » thr energy at thr %ttnr time * 
remaining muMaut, thru thr symbol k a t omdinatr 4 

Again, if’ it remains t onntant ami not zero whrn no ton r\ 
arts tijioft it, thrrr bring no divagation and thr energy* 
remaining constant, thr symbol rrpre srnN a velocity, that is, 
tin? differential coefficient of a t ntmfmale with rrspet i to 
thr timr. 

Let us apply thrsr * onstderatiuns to thr example torn 
dotted above , an thr intensity of a current flowing thtuugh 
A perfect conductor* tlir only t m um nam n mnkn which 
there is no dissipation, dors not satisfy thr first of thrsr 
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conditions, while it does satisfy the second* we cmtcltnlt* 
that the intensity of a current ought to lie represented l»y 
the rate of change of a coordinate am! not by the coordinate 
itself. 

Specification of Coordinates 

17. To fix the configuration of the system ho far an the 
phenomena we are considering are concerned we shall mv 
the following kinds of coordinates. 

(1) Coordinates to fix the geometrical configuration of 
the system, i,e. to fix the position in space of any bodies of 
finite size which maybe in the system. For this purpose 
we shall use the coordinates ordinarily used in Rigid Dy 
namics and denote them by the letters a* m a a> a 4 ,., ; am! 
when we want to denote a geometrical coordinate generally 
without reference to any one in particular we shall u*c the 
letter x, 

(2) Coordinates to fix the configuration of the %imim 
in the system. We shall use for this purpose, m k ordinarily 
done in treatises on elasticity, the components parallel in 
the axes of x,y, % of the displacements of any small portion 
of the body, and denote them by the letter* a, ft, y temper 
tively. For the strains 

da dft dy 
dx } dy 9 dt 1 



we shall use the letters c } f & a, if, c respec tively. It will 
be convenient to have a letter typifying thaw tpmwifim* 
generally without reference to any one in partiettliir* we 
shall use the letter w for this purpose. 

($) Coordinates to fix the electrical configuration of 
the system. For this purpose we shall wue coordinates 
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denoted by the letters e,, $v.» f the fypira! mot dilute 
being denoted by )\ where v in a didertrir k what Maxwell 
rails an deetrie displarement, and in a minim tor the time 
integral of a eurrent flowing through smile definite area, 

{4) (aicmlinutes to fix the maguetir mttligmaliom We 
might do this hy specifying the intensity of magnetization 
at eaeh point, hut it is rlearer l think to regard the magnetic 
configuration as depending, even in the simplest rase, upon 
two eoardinatcB, one of wht* h is a kiuosihruie or speed 
roordinate, 

litis way of looking at it brings it into harmony with the 
two most usual ways of representing the magnetization of a 
hotly, viz. Ampere’s theory and the hypothesis of Moltnadar 
Magnets, 

Aerording to Ampere's theory the magnetization is tine 
to electric* c urrents flowing through* pellet tly romhulmg 
< ireuits in the molecules of the magnets, fn this rase the 
differentia! eoeffic ient of the kmosthenir coordinate would 
fix the intensity of the c urrent, and the other c oordinate the 
orientation of the planes of the c irc uits, 

Aerording to the Molec ular .Magnet theory, any magnet 
of finite size is built up of a large number of small magnets 
arranged in a polarized way, Here the momentum * our 
spumling to the kinosthenie or speed coordinate may be 
regarded m fixing the magnetic" moment of a little magnet, 
whielr if is well fitted to do by its c onstanc y ; the oilier in 
ordinate may be regarded u?i fixing the arrangement of the 
little magnets in iipare. 

We shall denote the kinmthrnie roordinate by t and 

the geomeirirjd one by */ and suppose that they are no 
rheeam that the internal y of magnetization at any point k f{ 4 
where ( k the momentum rorrenponding to the kmosthtmh 
roordinate f, 1/ in it vec tor quantity and may lie resolved 


22 


DYNAMICS. 


into three components parallel to the axes of .v, y, s respec- 
tively. 

18. Having chosen the coordinates there are two ways 
in which we may proceed. We may either write down t In- 
most general expression for the Lagrangian function in terms 
of these coordinates and their differential coefficient*, anil 
then investigate the physical consequence* of each term 
in this expressioa If these consequence* are contradicted 
by experience we conclude that tire term we are considering 
does not exist in the expression for the Ugraitgian function. 

Or we may know as the result of experiment that there 
must be a certain term in the expression for the Lagrangian 
function and proceed by the application of Lagrange's Kqua 
tions to develop the consequences of its existence, Thus, for 
example, we know by considering the amount of work 
required to establish the electric field that there must he in 
the Lagrangian function of unit volume of the dielectric a 
term of the form 



where K is the specific inductive capacity of the dielectric 
and D the resultant electric displacement. We can then try 
applying Lagrange’s equation to this term see what ate the 
consequences of the specific inductive capacity of thr 
dielectric being altered by strain (see § 39), 

We shall make use of both methods hut commence with 
the first as being perhaps the most instructive, and also 
because we shall have a great many examples of the second 
method later on since the scalar phenomena do not admit 
of being treated by the first method. 

19. In using the first method the first thing we have to 
do is to write down the most general expression for the 
Lagrangian function in terms of the coordinates ar, y, 9, (, »>, 
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Let us suppose that £ in eliminated by means of the 
equation 

t /T 

4 1 ‘ 

ami that we work with KoulIi'h modift* atiun of the Lagtan 
gian function. 

lire most general expulsion to? the terms eorrespotid 
ing to the kinetic part of this fum turn, whirl* L the only 
part we ran typify* is of the form 

I {(■'vO 'Y 1 (•».■*,) •*/ ‘ j <•»-.•**> * 

+ (.)*, 1 Ov >,),»•/ » * (,p t .»a. M, *••• 
*(»<*/<»)»'* '(>/>/)'}* tti'oe 

a j (ay) of t a C v/r) i/r i j ( u/} t>) 

t a (af) af * a ( .oeyivi* * a fr#/| fy 

*■ a ( yi) /£ * a (/m/| tut) * j (Hi H 

» a (»/(} >/( | . 

These terms may he divided into fifteen types, 

There are five nets whirl* are qttudiam turn tarns of the 
velority or momentum corresponding to one kmd of t umd* 
nate, Karl* of these five nets must mea m arttrd phy »u al 
systems if there in anything analogous to inertia m fltr 
phenomena whirl* the rm responding roordinntes typify, 
Again* there are ten sets of terms of the type 

(.y.r) -U* nr ( %o ,i-f, 

involving the product of two velot dies or a velocity and 
a momentum of two coordinates of different kinds, 

Hi determine whether any parmnhu fruit of tins type 
exists or not we must determine what the physical r«mr 
qttctitxn of it would tie; if these are found to he lontraty 
to experience we conclude that this term doe* not rmt, 
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20, We can determine the consequences of the exist- 
ence of a term of this kind in the expression tor the kinetic 
energy in the following way. 

Let us suppose that we have a term in the ot* ahhett 
Lagrangian function of the type 

(A/)AA 


where p and q may be any of the five kinds of coordinates we 
are considering. 

Then we have by Month's modification of Lag range's 
equations 


d dr: _ dt: 

dt dp dp 


-••(Mb 


where P is the external force of type /acting on the 
Thus the effect of the term 


(MV 

is equivalent to the existence of a force of the type / equal 

to 


v ^ {(A/) /'/}- 1 ((A/)'/}- 

that is, 

- { (A/) '7 + ^ (A/) 7* + S ( A/) '¥} (m); 


a force of type q equal to 


^{(A/) /ty } •• f ^{(A/) /}. 

that is, 

-{(^)/ + |(^)/* + S^( / V)^} ( « s ) ; 

and a force of type r equal to 

#{(*)*}. 


f'At;k.\N<;iAN irsn t ns, 
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that bh /V £ (/</) 

where r 1*1 ;t eooulmatr of any type other limn llui of 

/ or */, 

Fateh of flu* tcftHH in these r\j*rc vatmn wouhl rottrHpomt 
to Home physical phenomenon ; ami as il is * leatei 0* take a 
definite ease to illustrate this, let th suppose that p in III r 
geometrical coordinate symbolized by v» amt ,/ the clrtitnal 
coordinate j. 

Then if the term ( \ \ ) x r oecmird in tfm rcpievaon lot 
flu? Fagrangian fun* him* the mrdj.um.it for* r pfothn rit by 
it steady current would not hr tlir same an tlut prudtn rd by 
a variable one momentarily of thr same mien aty. linn in 
hu because by the eyptrssmn 1 1 >| i there in thr trim 


f ui r 


111 the espression for the Untv of type i, that in thr 
mechatm at hare, ant t an r *•» zero it the « mint! n steady, 
there would tie a tort ham* at fun e depending on the tale of 
variation of the * to rent it thin term runted. 

Again, we nee from the term (it*) F in the repression 


C 1 4 )* remembering that p mam!* ha ,v ami for v, that if 
l-rv) were a fun* lion of y the rut tent would piodm e a 
Hietliatiie.il force |»ro|*oitionat to its *r|U 4 fe, ho lfs.it the finer 
would not be revet nr* f if the direction of the 1 urtmt wan 

reversed, 

Or again* tf we < oitmdrr the expression lor thr ha* r of 
type f or #/* that is the elr* tiuMiottvr tone. %ve see that lire 
exifitriiee of thin term implies the ptodut lion of an rletfo*- 
motive force hy a body whose vrlo* ity is 1 hanging, 
depending iifion flu* art r fetation *1! the body * the* i% shown 
hy tile evbfettce of the term far) x m C r Si* hie rxprrnntnfi 
for the elcelruimiltvi: force, 
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If (xy) were a function of x, the term (♦*/) A J in {151 
shows that a moving body would product* an dmmmotivr 
force proportional to the square of itn velocity, ami therefore 
one that would not be reversed when the direction ui motion 
of the body was reversed. 

As none of these effects have been observed we rottelmir 
that this term does not exist in the expression tor the 
Lagrangian function of a physical system (see Maxwell, 
Electricity and Magnetism t $ 5 74 )* 

21. We shall now go through the various types t*f terms 
which involve the product of the velocities of two emmln 
nates of different kinds, or a velocity of one kind and the 
momentum of another, in order to see whether they extM m 
not in the expression for the Lagrangian fum don, 

The reasoning to he used is of the same nature m that 
just given, and we may leave it to tin* reader to show by the 
consideration of the expressions (*4) and (15) that tltr 
existence of the several terms carries with it the ton 
sequences we describe. 

Taking the terms in order we have 
1* Terms of the form 

ter) *m* 

We have just seen that terms of this kind cannot exist m 
the expression for the Lagrangian function. See al.« \f. 1% 
well, Electricity and Magnetism, tt. part iv, . Imp, 7. 
j 2. Terms of the form 

(.*w) .ire. 

Terms of this form may exist in the ease of a vibrating solid 
body which is also moving as it whole. For the velocity tif 
any point in the solid equals the velocity of tin- centre „t 
gravity plus the velocity of the point relatively to it, centre »»t 
gravity. This latter velocity will involve re, *» that *»«- 
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i#« juiirtt of the velocity anti therefore the kinetic energy may 
involve xfk 

j* Term*! of the fotm 

Ov) *4 

cannot extHt, for wo van prove tlml they would involve the 
existence of a magnetizing force in a moving body depend 
ing Upon the a* rele ration of the hotly, tt would aho retpm«* 
that the mechanical four everted by a magnet 4muhl 
depend upon the rate of change of the magttrti/alion. 
None of these effect** have heeti observed. 

4. Terms of the form 

Ui I ■n 

apparently do not even, for they would re* pure that the 
mechanical fort e evened hy a magnet should depend upon 
the rate of variation of the magnet n intensity, and the* 
diet I lum not hern o! net veil 

5. Trine* of the form 

( 1 h>) hi*, 

If these term** evened it would tie povable to develop 
electromotive force** hy vihtutmm and these force*! would 
depend upon the a* 1 eleiatmn of the vihialmti and m*f 
merely upon the veto* oy ; an these have not hern u! wived 
we conelude that this Iron dors not even, in the hagtangnttt 
function of phy 4 « at systems, 

6. Temp* of the form 

( >*}) i») 

If these termn rxtslrd there would he elerfiotnoUvr forcr% 
depending upon the rate of of the t imuge * m 

the magnetic field. 

They also indicate magnetic forces depending upon the 
rate of change of the current. An tmtim of these effect* 
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have been observed we conclude that terms of this form do 
not exist in the expression for the Lagrangian imuwm, 

7. Terms of the form 

(M)M 

Terms of this kind only involve the production of mi 
electromotive force in a varying magnetic field, the electro 
motive force varying as the rate of change of the magnetic 
field. This is the well-known phenomenon of the produr 
tion of an electromotive force round n c irt tiit whenever the 
number of lines of magnetic force panning through it k 
changed. 

As the term we are considering k the only one in the 
Lagrangian function which could give rise to an effv* t of 
this kind without also giving rise to other effects which have 
not been verified by experience, we com hide that this term 
does exist. 

8. Terms of the form 

(mj) m). 

If we take any molecular theory of magnetism, such m 
Ampbre’s, where the magnetic field depends upon the 
arrangement of the molecules of the body, we should rather 
expect this term to exist. The consequence* of its exigence 
have however not been detected by experiment*. 

If this term existed, then considering in the first place 
its effect upon the magnetic configuration we hit that a 
vibrating body should produce magnetic effects depending 
upon the vibrations, Secondly, considering the rffecN of 
this term on the strain configuration we see that there 
should be a distorting force depending upon the rule «f 
acceleration of the magnetic field, As neither of these 
effects have been observed there is no evidence of the 
existence of this term. 


I , m ; ii a \ t ; i a % t i ^v r iii \ & , 

y, Term** of the form 

(*■£) *'■£. 

Them* would involve the eMnlriirr of dmtnttmg fdrupd 
ilrjHitdiitg iifiMii the fate of t lunge *4 tlm magmisr field,! 
arid wr have no rvidmrr of , 0 * 1 * nm Ii Hire I, 
to, Term** of tlsr form 

<v£) tf. 

If we iW^tmtr Ampere** hypothenu of mole* ulr riurestfn thin 
term is of the hum*' future an the term Hi) ,i£ width wr 
(ItHc'UHrietl before* no tlut tmlmn tli«- jiroprtuen of thene 
maimihtr etrettil* differ rnnuitially from ih«w #4 Unite we 
with whirl* we nre anftiamtrd flu * term motto! r*mt, 

,11, Summittg Of* flu? frnttltn of thr foregoing * on ndrtu 
tiom» we arrive at the 1 unehutott that the from in the 
latgrtingian him turn width re|*ieirni the kinrtir rortgy 
dejietitliiig tsjtoti the five * lae*en of » uonhiiatev wr air 
cortmtering iitunt lie of one or other of the following type** : 

fai| % * 

i n) i* 

{u*u*)u<* 

(w) ¥ • ■ C 1 7 i 

ill) C 

(H I H 

3 j, We might make a model with five degrees of 
freedom who h would tlhedrate lire runoretnm hetwrro 
then© |itieit«imetia width are n\rd by eotudiiuten of Ovr 

And it wr arrange the model no that it* 1 onfigtiralmn 
tndiig defined fry the five roiirduutrn % t u* t ^ ( t only 
thtwe teriwi wfttrft are in lire rvfirenHtoii (tj) dull m inf m 
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the expression for its kinetic energy, and make the potential 
energy of the model corresponding to each coordinate 
analogous to that possessed by the physical system, then 
the working of this model will illustrate the interaction of 
phenomena in electricity, magnetism, elasticity &r., and any 
phenomenon exhibited by the model will have its counter* 
part in the phenomena exhibited in these subjects. 

When however we know the expression for the energy 
of such a model, there is no necessity to construct it in 
order to see how it will work, as we can deduce all the tides 
of working by the application of Lagrange’s Ivptatmns, 
And from one point of view we may look upon the method 
we are using in this book as that of forming, not a model, 
but the expression for the Lagrangian function of a model 
every property of which must correspond to smite actual 
physical phenomenon. 
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with a quantity of electricity 
is 


{; 


m + 


rand moving with ;t velocity r 





where a is the radius of the sphere and /* die magnetic 
permeability of the dielectric* surrounding it* 

The existence in the kinetic energy of this tetm, whit ti i% 
due to the “displacement currents’* started in the surrounding 
dielectric by the motion of the electrification on the spline, 
shows that electricity behaves in some respects very tnttrh 
as if it had mass. For we see by the expression ( i H) that 
the kinetic energy of an electrified sphere in the Mine m 
if the mass of the body had been increased by 4prVt$it. 

Thus whenever a moving body receives a charge of 
electricity its velocity will be impulsively c hanged, lot the 
momentum will remain constant, and as the apparent touv* 
^is suddenly increased the velocity must be impulsively 
diminished. 


The apparent increase in mass cannot exceed a very 
small quantity because air or any other dielectric break* 
down when the electric force gets very intense, ff w«r take 
75 as the intensity in electrostatic measure in n.tm, mm% «»t 
the greatest electric force which a fairly thick layer of ait 
can stand, which is the value given by Dr Mai far tune (/%/. 
Mag., Dec. 1880), we have, since the electric ton e at tin- 
surface of the sphere must be less than 75, 

0 


Art* ” 7S ' 

AT being the specific inductive capacity of the medium. 

So that the ratio of the increase in mass to the original 
mass, which by (18) is equal to 
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cannot exceed A* * 1500 /a A 
and since in air t in A* ■ 0 *■ ««*“. 

A' f t 


we see that the ratio cannot rxc eed 
t . fix 10' iH tf l w } 


or about 


4 *. to 


n« 


C* 


where /# in the mean density of the suhstam v rn« tosed by the 
electrified surface, 

Thus the alteration in mans, even if the mean density 
inside the Ntirfltre in an small an that of an at the at mo 4 diet it 
pressure and o ( is only about 5 • 10 '* of the original 
mass, ami in nun h Urn small to he ohser veil. 

Let us now consider the ele< trieal eltectn of dun term, 

Let Q he the electromotive force at ting on the sphere. 
The energy of the system, using the name notation an before, 
h 


m * 


- 

1 1\ tf 


t / 

j An ’ 


, If v he increased by *v* and c by &*, the increment in the 
energy is 

/ 4 + 4 pc* thr 

( m v r ) eac 1 r tto » J4 , 

V 15 f/ / 15 u Au 

and by the Conservation of Knergy this must equal 

(%, 

so that 

/ 4 rt 4 nv* A si h* 

(w c } Cf>e a f w * - (Me (in). 

\ f 5 #/ / *5 ## A#/ v v 

Since no mechanical forte nets upon the system the 
momentum will be constant, so that 

» H uf * 

He * ■ ear ■ m,,,.,, 

t$ <t / 15 * 


(* , 4 ^ 
V *5 "/ 
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Eliminating Sr and lictwt.ru equations ( tij) .mil ( joi tvi* 

find 

.V"'l « 


So that the capacity of the sphere is in the 

ratio of t to t / i - ^ or since according to the 

Electromagnetic Theory of Light /*A‘ t t* 0 where I* m the 
velocity of light through the dielectric, the rapacity of the 


sphere is increased in the ratio of i to i t 



Thus 


the capacity of a condenser in motion will not hr the same 
as that of the same condenser at rest, Inti as the differ met* 
depends on the square of the ratio of the veto* ity of the 
condenser to the velocity of light it wall he ex< rrdingty 
small. 

If the earth does not carry the ether with if, a point on 
the earth's surface will he moving relatively to the ether, and 
the alterations in the velocity of such a point which «»mir 
during the day will produce a small diurnal variation in the 
capacities of condensers. 

25. When we have two spheres of ratlins *# and #/ 
moving with velocities v and v* respectively the feinefn 
energy (see the paper on the 14 Effects produced by the 
Motion of Electrified Bodies,” Phii April, iHHt g 

assuming Maxwell's theory, is 



tri c 


2 

15 *' / 


fi/r cos 
JA* 


* 
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where R is the distance between the centre. »»( the tw.» 
spheres and « the angle between their direction* *>1" motion ; 
m, m’, e, i are respectively the masses and charge* i.i the 
spheres. 


Kf.WT RUMMii si*u t:u I ■:*. 


My expressing an* 1 ms * m trim* of thr * unjltutn 

of tin* i vnhes of thr splines at t« t thru diffri rnual t mriii* n nt i 
with resprrt to flu* turn*, wr * ati. My truttg I «.»^t aiift** - '* 
rquatums in thr way rvpluiurd m Jju, show that thrsr tnm** 
iv*|uirr thr r \istrttrr of thr following Mu r oit the two 
splines, r atul r Mring thr at a rlriatum •* *4 thr sphrtes 
tvsprrtivrly, 

( hi thr lust sphriv, 
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along thr luu* joining thr 
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in thr dlfretjoh oppositr Hi thr ai»rhtah*m 
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in thr hurt lion oppositr to flu* dim turn »u motion of thr 
set on* I sphere, 

I hrjr am uilespoudmg fotrrs on thr sri * *>i«| spline, .Ittif 
wr srr that unless thr two spheres move with pi.it ,*rtd 
Ufiilorm \ rhitatirs in thr saute dim turn th* t-m rs on the 
two splines arr not ripial and opposite Tie am* of the 
motnrnta of thr two spheres will not itirtvasr mdrimitrly 
however, ** thr mm of thr at turn * atul te.u lions i% n ot 
constant Mnt is a him mm of thr a< « eiriatioits, 

Wr may easily provr that if' ts »*, - arr thr * semlnum of 
fhr entire of onr Hplunr, a\ y\ . those of thr oihn. dom 
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is constant, along with symmetrical expressions for the y and 
ar coordinates. 

26. Other electrical theories besides Maxwell's lead to 
the conclusion that the coefficient {xx} is a function of the 
electrification of the system. 

Thus according to Clausius’ theory (Crelle, 82, p. 85) 
the forces between two small electrified bodies in motion are 
the same as if, using the same notation as before, there was 
the term 


,COS€ 

l '-R 


ee 

KR 


in the expression for the Lagrangian function. The first of 
these is the same as the term we have just been considering. 

The forces which according to Weber’s theory ( Ad hand - 
lungen der Koniglich Sachsischen Gesellschaft der Wissen- 
schaften , 1846, p. 211. Maxwell’s Electricity and Magnetism, 
2nd Edit vol. 11. § 853) exist between two electrified bodies 
in motion may easily be shown to be the same as those 
which would exist if in the Lagrangian function there was 
the term 


ee 

R 


- (21 - ?/) 


y-y t z-z 

|V - / {v-v) + 


(w ■ 


,,)* ee 

■ w) ]~KR' 


R v R v " 7 1 R 

where x, y , x\ y', s' are the coordinates of the centres of 
the electrified bodies and v , w, u\ v\ w the components 
of their velocities parallel to the axes of coordinates. 

This term leads however to inadmissible results, as we 
can see by taking the simple case when the bodies are moving 
in the same straight line which we may take as the axis of 
In this case the term in the kinetic energy reduces to 


or 


ee: 


( U 2 - 27 /?/ + U'~) 
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so that the electrified bodies will behave as if their masses 
were in consequence of the electrification increased by 
2ee'/E since the coefficients of u 2 and u ’ 2 are each increased 
by half this amount. Hence if we take e and e of opposite 
signs and suppose the electrifications are great enough to 
make 2ee'jE greater than the masses of one or both of the 
bodies, then one of the bodies at least will behave as if its 
mass were negative. This is so contrary to experience that 
we conclude the theory cannot be right. This consequence 
'of Weber’s theory was first pointed out by v. Helmholtz 
( Wissenschaftlichc Abhandlungen, i. p. 647). 

The forces which according to Riemann’s theory, given 
in his posthumous work Schwere , Elektricitat und Magnetis - 
mzts, p. 326, exist between two moving electrified bodies may 
easily be shown to be the same as those which would exist if 
there were the term 

J {(* - uj + (v - vj + (w - wj) - jL 

in the expression for the Lagrangian function. We can 
easily see that this theory is open to the same objection 
as Weber’s, that is, it would make an electrified body 
behave in some cases as if its mass were negative. 

27. If we regard the expression for the kinetic energy 
from the point of view of its bearing on electrical phenomena 
we shall see that it shows that if we connect the terminals 
of a battery to two spheres made of conducting material, the 
quantity of electricity on the spheres will depend upon their 
velocities. 

We see from the expression (22) for the kinetic energy of 
a moving conductor that if we have a number of conductors 
moving about in the electric field there will be a positive term 
in the Lagrangian function depending upon the square of 
the electrification. And the same is true to a smaller 


DYNAMICS. 


38 

extent if the moving bodies are not conductors but 
substances whose specific inductive capacity differs from 
that of the surrounding medium. This is equivalent to a 
decrease in the potential energy produced by a given 
electrification, since an increase in the potential energy 
corresponds to a decrease in the Lagrangian function. 
Thus the presence of the moving conductors is equivalent 
to a diminution in the stiffness of the dielectric with respect 
to alterations in its state of electrification. And therefore 
the speed with which electrical oscillations are propagated 
across any medium will be diminished by the presence of 
molecules moving about in it; the diminution being pro- 
portional to the square of the ratio of the velocity of the 
molecules to the velocity with which light is propagated 
across the medium. Thus if the electromagnetic theory of 
light is true the result we have been discussing has an 
important bearing on the effect of the molecules of matter 
on the rate of propagation of light. 

28. We can see that may be a function of the 
strain coordinates, for let us take the case when {xx} is the 
moment of inertia of a bar about an axis through its centre : 
then it is evident if the bar be compressed in the middle 
and pulled out at the ends that the moment of inertia will 
be less than if the bar were unstrained, for the effect of 
the strain has practically been to bring the matter forming 
the bar nearer to the axis. Thus the moment of inertia 
and therefore {xx} may depend upon the strain coordinates. 

These coordinates will in general only enter {xx} through 
the expression for the alteration in the density of the strained 
body, i.e. through 

da d/3 dy 

dx + dy^ dz i 2 o)> 

and this will only enter {xx} linearly. 
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If we form the equations of elasticity by using Hamilton’s 
principle 

8 [^(T- V) dt = o 

Jto 

we shall easily find that the presence of (23) in {xx} 
leads to the introduction of the so-called £C centrifugal forces” 
into the equation of elasticity for a rotating elastic solid. 
This however we shall leave as an exercise for the reader. 

29. Let us now consider that part of the Lagrangian 
function which depends upon the velocities of the electrical 
coordinates, i.e. the part denoted by 

h {(yj 1 ) y* + 2 O', a ) yj* + •••}< 

Let us take the case of two conducting circuits whose 
electrical configuration is fixed by the coordinates y v y 2 , 
where y x , y 2 are the currents flowing through the circuits 
respectively. 

This part of the Lagrangian function may in this case be 
conveniently written 

I {£y‘ + + Ny{). 

Now we can fix the geometrical configuration of the two 
circuits if we have coordinates which can fix the position 
of the centre of gravity and the shape and situation of the 
first circuit, the shape of the second circuit and its position 
relatively to the first. 

Let us denote by x 3 - x l any coordinate which helps to 
fix the position of one circuit relatively to the other, and by 
£ a coordinates helping to fix the shape of the first and 
second circuits respectively. 

It is evident that the kinetic energy must be expressible 
in terms of these coordinates, for the only coordinates neces- 
sary to fix the system which we have omitted are those fixing 
the centre of gravity and situation of the first circuit, and 
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since a motion of the whole system as a rig 
space cannot alter this part of the kinetf 
system, the expression for the kinetic energ 
these coordinates. 

If we write for a moment x instead of a 
nate helping to fix the position of one cir< 
the other) then by Lagrange’s Equations w 
terms in the kinetic energy correspond to tl: 
force tending to increase x equal to 

1 dL . „ dM . . i dN 

2 dx y ' + dx y ' ya + 2 dx } 

We see from this expression that dLj 

must vanish, otherwise there would be a fo 
two circuits even though the current in 
vanished. The quantities L and N are b 
coefficients of self-induction of the two cir< 
we see that the coefficient of the self-inducti< 
independent of the position of other circuits i 
hood and is therefore the same as if these c 
moved 1 . 

By (16) the force tending to increase x is 
dM . . 

Tx y ^ 

that is there is a force between the two circu: 
to the product of the currents flowing through 
to the differential coefficient with respect to 
along which the force is reckoned of a fund 
not involve the electrical coordinates. Tl: 
exactly to the mechanical forces which are ac 

p- This is quite consistent with the apparent dim; 
induction caused by a neighbouring circuit when an £ 
is used. 
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between the circuits, and a little consideration will show that 
these forces could not arise from any other terms in the 
Lagrangian function. Thus the consideration of the mechan- 
ical forces which two circuits carrying currents are known to 
exert upon each other proves that the term My : y a exists in 
the expression for the Lagrangian function. 

Let us now go on to consider the effect of these terms 
on the electrical configuration of the two circuits. 

By Lagrange’s Equation for the coordinate^, we have 

L4L _ _ v (*r\ 

where Y } is the external electromotive force tending to 
increase y r Now as we shall prove directly dZ'/Zy, = o, so 
that the effects on the electrical configuration of the first 
circuit, arising from the term 

I {Ly°- + 2MyJ s + JVy;) 

are the same as would be produced by an external electro- 
motive force tending to increase^, equal to 

( 2<5 )- 

Thus if any of the four quantities Z, M, y v y 2 vary in 
value there is an electromotive force acting round the 
circuit through which the current y } flows. And the 
expression (26) gives the e. m. f. produced either by the 
motion of neighbouring circuits conveying currents or by 
alterations in the magnitudes of the currents flowing through 
the circuits. 

This example is given in Maxwell’s Electricity and 
Magnetism , vol. n. part iv. chapter vi., and it is one which 
illustrates the power, of the dynamical method very well. 
The existence of the mechanical force shows that there is 
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the term 

in the expression for the Lagrangian function and then tl 
law of the induction of currents follows at once by tl 
application of Lagrange’s Equations. 

The problem we have just been considering is dynami 
ally equivalent to finding the equations of motion of 
particle with two degrees of freedom when under the actio 
of any forces. We know that these cannot be deduced b 
the aid of the principle of the Conservation of Energy alone 
for to take the simplest case of all, that in which no force 
act upon the particle, the principle of the Conservation c 
Energy is satisfied if the velocity is constant whether tin 
particle moves in a straight line or not. From this analog; 
we see that when we have two circuits the principle of th< 
Conservation of Energy is not sufficient to deduce tin 
equations of motion, and that some other principle must In 
assumed implicitly in those proofs which profess to deduce 
these equations by means of the Conservation of Energy 
alone. 

30. There is no experimental evidence to show thal 
{yy} is a function of the electrical coodinates y, and ii 
certainly is not when the electrical systems consist of a 
series of conducting circuits, for if it were the coefficients of 
self and mutual induction would depend upon the length of 
time the currents had been flowing through the circuits. 
And in any case it would require the existence of electro- 
motive forces which would not be reversed if the direction 
of all the electric displacements in the field were re- 
versed. 

31. Similar reasoning will show that {yy} cannot be a 
function of the magnetic coordinates, for if it were there 
would be magnetic forces produced by electric currents 
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which would not be reversed if the directions of all the 
currents in the field were reversed. 

32. We must now consider whether {yy} is a function 
of the strain coordinates or not. If it is then the coefficients 
of self and mutual induction of a number of circuits must 
depend upon the state of strain of the wires forming the 
circuits. This result though not impossible has never been 
detected, and it is contrary to Ampere’s hypothesis that the 
force exerted by a current depends only upon its strength 
and position and not upon the nature or state of the 
material through which it flows. 

Then again, if we consider what the effect on the elastic 
properties of the substance would be if {yy\ were a function 
of the strain coordinates, we see at once that it would 
indicate that the elastic properties of a wire would be 
altered while an electric current was passing through it. 

The evidence of various experimenters on this point is 
somewhat conflicting. Both Wertheim (A/m. de Chim. et 
de Phys. [3] 12, p. 6 io, Wiedemann’s Elektricitat, 11. p. 403) 
and Tomlinson have observed that the elasticity of a wire is 
diminished when a current passes through it and that this 
diminution is not due to the heat generated by the current. 
Streintz ( Wien. Ber. [2] 67, p. 323, Wiedemann’s Elektriciiiit, 
11. p. 404) on the other hand was unable to detect any such 
effect. 

But even if this effect were indisputably established it 
would not prove rigorously that {yy} is a function of the 
strain coordinates, for as we shall endeavour to show when 
we consider electrical resistance this effect might have been 
due to another cause. 

To sum up we see that {yy} is a function of the 
geometrical coordinates but not of the electric or magnetic 
ones and probably not of the strain ones. 
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33. Wc .shall now consider the part of tin* I .agranginn 
function which depends upon the magnetic coordinates am! 
which <Ioe.s not involve the velocities <4 the gromcttirnl, 
electrical or strain coordinate*,. Thus the trims \\r aic 
about to consider in the bngrangiuu Junction <4 utuf 
volume of a .substance are those we have denoted by 

A \ii\C » A ji|£ * A b/'/)')*; 

we may have in addition to these terms arising trout the 
potential energy. 

In order to begin with as simple a ease as possible let 
us suppose that all the magnetic changes take place mdefi 
nitely slowly ; in this case we may neglect the term 

A ( '/'/) '/* 

and confine our attention to the terms 

I t * | I /»* \i 

1 vv 1 v * "bKt 

or as it is more convenient to write them 


bet us take first the rase when the magnetization b 
parallel to one of the axes, a for example, and let us denote 
the magnetic force parade*! to this direction by // and the 
intensity of magnetization by /, where by definition 

/ >/£■ < -•»>. 

The investigation in $ 381; of Maxwell’s A 7 Wtnnfv anJ 
Magnetism shows that if we snppt.se that all the energy in 
the magnetic field is resident in the magnets, there m m the 
Lagrangian fumliou for unit volume of a magnet the term 

///, 

The result of this investigation is stated in the Kie,itn^iv 
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I and Magnetism to he that the potential energy of unit 

volume of the magnet is 

- // A 

hut we have seen in § 9 that the question whether energy 
determined in this manner is kinetic or potential is really 
left unsettled: what, is actually proved is that a certain term 
exists in the Lagrangian function. 

If we suppose that the energy is distributed throughout 
the whole of the magnetic field, including immagneti/ed 
substances as well as magnets, then the investigation in $ 635 
of the Electricity and Mayn't ism shows that the Lagrangian 
function of unit volume anywhere in the magnetic Held com 
tains the term 

' ///>•, 

Mr 

where /> is the magnetic induction. 

These two ways of regarding the energy in the magnetic 
held lead to identical results; and as we shall for the 
present confine our attention to the magnetized substances 
we shall fmd it more convenient to adopt the first method 
of looking at the question. 

We have seen that the Lagrangian function for unit 
volume of a magnet contains the term 

Iffy 

or in our notation 

ffiv ; 

and this is the term we previously denoted by 

h li} f- 

Sineis the magnetic changes arc supposed to take place 
indefinitely slowly, Lagrange’s equation for the v; coordinate 
reduces to 


t 


<ll' 

'dr, 


0 


(29). 
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Applying this to the expression O7) u»<l substituting 
/A/v for I [(•) £ we get 

A 'f f./'/T) 1 HI « (.to), 

*/// 

and since | is supposed to remain constant and therefore 

id f) t //, 

this may be written 

/J^ (.•//*} . // O 

So that if £ he the coefficient of magneto induction and 
defined by the equation 

/ kit 

we have by (31) 

1 #/ . . , . 

k t U‘^' U) OO. 

and therefore 

.//■ -/;,//• 

- *///<// , ,.(33). 

If we know the way in which / vat ten with // we nnitd 
by this equation express A as a func tion of /, Tim relation 
between / and It is however in general so complicated dial 
there seems hut little advantage to he gained by taking some 
empirical formula which connects the two and detrt mining 
A by its help. 

For small values of //, Lord Rayleigh (tint 43, 

p. 225, tHH 7) has shown that 1 11 is constant, so by 
equation (33) A in this case is also constant. 

M* The mechanical force parallel to the axis of * 
acting on unit volume of the magnet is 
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The only quantity in the terms we are considering which 
involves x explicitly is If, so that dl'idx reduces to 




dH 

dx 


or 


dH 
1 dx 


(34), 


and this is the mechanical force parallel to the axis of # 
acting on unit volume of the magnet. This expression may 
also be written 

1 dll 2 

2 Z dx 

with similar expressions for the components parallel to the 
axes of.y and z . 

These are the same expressions for this force as those 
given in Maxwell’s Electricity and Magnetism , vol. it. p. 70, 
the consequences of which are as is well known in harmony 
with Faraday's investigations on the way in which para- 
magnetic and diamagnetic bodies move when placed in a 
variable magnetic field. 

35. We have just investigated the mechanical forces 
produced by a magnetic field ; we shall now proceed to 
investigate some of the stresses produced by it 

Let us take the case of a cylindrical bar of soft iron 
whose axis coincides with the axis of a?, and suppose that it 
is magnetized along its axis. Let c,f g be the dilatations 
of the bar parallel to the axes of x, y, z respectively. We 
shall at present assume that there is no torsion in the bar. 
We shall .suppose that the changes in the strains take place 
so slowly that we may neglect the kinetic energy arising 
from them. 

The potential energy due to these strains is 

bn {e +f J rg\* + \n {r +/ 2 - 2 ef- 2 eg - 2 fg), 
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where n is the coefficient of rigidity and m - n/$ the 
modulus of compression. 

Thus the terms in the Lagrangian function involving the 
magnetic and strain coordinates are 

+ H-y}£ - \m {e + /+ g ) 2 - \n (<r +/* + g 2 - 2 ef- 2 eg 

- 2 fs ) ; 

neglecting those depending on the rate of variation of these 
quantities which rate we shall assume to be indefinitely small. 

The experiments of Villari and Sir William Thomson 
(Wiedemann’s Elektricitai , in. p. 701) have shown that k 
depends upon the strain in the magnet, hence by equation 
(32) A will be a function of the strains. We shall pro- 
ceed to investigate the stresses which arise in consequence 
of this. Using the Hamiltonian principle 

8 Ldt = o, 

Jt 0 

and substituting dajdx , dfi/dy, dy/dz for e, f g respectively, 
we get the following equations by equating to zero the 


variation caused by changing a into a + 8 a 



dL d dL 

(35) 

inside the bar, 

dx dx de 

dL 

at the boundary. 

\ de “° 

(36) 


By equating to zero the variation caused by changing ft 


into ft + 8 ft we get 

dL d dL 

( 37 ) 

inside the bar. 

dy dy df ; 


dL 

( 38 ) 

at the boundary. 

<if~° 
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And by equating to zero the variation caused by changing 
y into y r $y we get 


inside the bar ; 


at the boundary. 

The first ami second terms in the equations (35), (37) 
and (39) may conveniently he considered separately. Since 
// is the only quantity in the expression for L which can 
involve the coordinates .v, v, or z explicitly the terms 



,//. ,/L df, 
dx ' dy ’ dz 

reduce to 

. dll . dll , dll 
dx ’ ^ dz ' 

or 

HI ' /7/ , kil ,U , t , kll tU J 
ax dy az 

respeetively. 



These are the expressions for the components of the 
mechanical force acting on the body, and it is shown in 
Maxwell’s Rlwtrkity and Magnetism, § 642* that this dis- 
tribution of force would strain the body in the same way as 
11 a hydrostatic pressure If "/Hjr combined with a tension 
A7//475 along the lines of force,” H being the magnetic 
induction. Thus we may suppose that the strains arising 
from these terms are known. If c, f g are tin* strains due 
to the second term in equations (35) (37) and (39), we have 


df, 

dz 


d df, 
dz dy 


df, 

dy 


( 39 ) 
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v'i' 

v‘i' 


d.i 

de 

dA 

<>/ 


">(>■ I /'.<) •/ .v) <> 

w (e i / t «(/ c ,v) <» 


vT 


dA 


d< 


>» (<• t/i.v) «(,* ■<•■■■/) “ 




Solving these equations ami [tutting »/£ / wo got 


2«c ~ m (A /") - m n ^ d 1 J /ii ' ■ ^ ' J > l 


3/// //</<• * 
2;// f/ 




‘ (Ai*) I (**//*) 

//»,// ^ } t/x { * U \f 


an / "(An- m "\ d . (,•//’) + '/ (.•//')} 

J 3 m-ndj n I <4* ; # 4 f i 


2//£ 


2/// </ 




/// ■ // 


fd / # f lit 
1 . /.♦ V * * 7 / 


I '' ..(.■//»)}] 




yn-ndgV” 1 V» // (,/,• ' ' dj 
If the magnet is symmetrical about its u\is we have 
/ X 


and 


d (.-in d j An. 


<r • ./< 

So that equations (42) reduce to 


;/<• 


w ,/ « // d | 

yn-n ,//■' ' .[/// H 


2/// 


- " 1 * l (,</•) i 

yn ~ n df ' j 


(1.0. 


a.// 3 ) . .> d f (.-//’)] 


/// // d 
3/// // # 4 * 

Tile dilatation e {■ 2/ is ec|ual to 

T /,/ 

3///-// b/c 

Differentiating equations (43) with regard to / 
approximately since jf, (Ad*) and (/ 'Q (A/ 1 ) must he 

small compared with m or n, or the changes in the 
elasticity caused by magnetization would tun he so small 
as to have escaped detection, 


(It). 

WC got 



STRAIN AND MAGNETIZATION. 


5 1 


3"* 

m 


'[ d „AAr)-'"-" d ''(An 

n f/r* dl v 3/// - // ^// dl v ' 


2// 


dt 

dr 
dr 
dr 

Now by equation (32) 
d 


„ f n d d . , /// \ n // r/ 

3/// H dt * r// 4 ' * 3///-// /// tfV 


(-// fl ) 


' (45 )* 


/// 


- (-*/■> 


I 

X* * 


So that these equations heroine 


m 


dt 

nt 

\ 

dk 

m n 

, 

dk i 

* 'dt * 

yn n 

r 

dt 

yn - n 

k* 

dj 

di 

m ~ n 

i 

dk 

m + u 

i 

dk 

dl* 

yn n 

r 

dt 

yn n 

k 1 

Z/j 


,..(46). 


Now if the coefficient of magnetization depends upon 
the strains, the intensity of magnetization of the bar 
when under the action of a constant magnetizing force 
will be altered by strain, and in order to compare the 
formulae with the results of experiments we shall find it 
more convenient to express dt/dl\ dfidt* in terms of the 
changes widt h take place in the intensity of magnetization 
when the bar is stretched rather than in terms of dk[dt 
and dk\dj , 

We have / X*//, 

so that when // is supposed to he constant 
dl 
dt 

and equations (4b) may he written 


m * dk m * dk d l 
dt d/ ^ 


•(47). 


■in 
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t It 


dk 

dl 
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S )(-, 


/// t dl 
yn n k! dt 
m u t dl 
yn n kl dt 


m~n t d/\ 
3 m n kl dj ) 


m \ n 1 d/\ 
yn~nktdj) 


(-»«)■ 


dt f 

n ai' V 

d/ (1 
di* v 

"These 

dependence of the intensity of magnetization on the state 


4 2 


S3 


DYNAMIC’S, 


of strain of the magnetized body. In addition there are 
the strains arising from Maxwells distribution of stress. 
Kirehhoflf (Wied. Ann. xxi v. p. 52, xxv. p. ben) has 
investigated the effect of this on a small sod iron sphere 
placed in a uniform magnetic held and has shown that it 
would produce an elongation of the sphere along the lines 
of force and a contraction at right angles to them. We may 
therefore assume that in general this distribution of stress 
causes an expansion of the magnet in the direc tum of the 
lines of force and a contraction in all directions per pen 
dieular to this. 

The expressions for the strains in a magnetizable 
substance placed in the magnetic held have ako been m 
vestigated by v. Helmholtz (Wied. Ann. xut. p, 3K5), The 
objec t of the investigations of v. Helmholtz and Kirch hull' 
was rather different front that of Maxwell. Maxwell’s object 
was to show that his distribution of stress would produc e 
the same forces between magnetized bodies as those whic h 
are observed in the magnetic held, while v, Helmholtz and 
Kirchhoffs objert was to show that it follows from the prin- 
ciple of the Conservation of Energy that, whatever theory 
of electricity and magnetism we assume, the bodies in the 
electric or magnetic field must he strained as if they wen? 
acted upon by a certain distribution of stress which in the 
simplest c ase is the same as that given by Maxwell. 

We have in addition to the strain produced by these 
stresses, the strains depending upon the alteration id the 
intensity of magnetization with stress along and perpen 
dieular to the lines erf forc e. 

The effect of stress along the lines of force on the 
magnetization of iron has been investigated by Vtllnri f/%^ 
Ann, 126, p, 87, 1 868) and Sir William Thomson (/vVv, 
•AYry. Soc, 27, p. 439, i both these physic ists found that 
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the intensity of magnetization was increased by stretching 
when the magnetizing force was small, but that when the 
magnetization exceeds about 10 when measured in o.o.s. units 
the intensity of magnetization is diminished by stretching. 

Sir William Thomson also investigated the effect of 
stress at right angles to the lines of magnetic force on 
the intensity of magnetization and found that this was in 
general opposite to that of tension along the lines of force, 
so that for small values of the magnetizing force extension 
at right angles to the lines of force diminishes the mag 
netization, while for larger values of this force it increases 
it. The critical value of the force in this ease however is 
higher than that for tension along the lines of force. 

Thus, except when the magnetizing force is between the 
critical values, dldr and did/' have opposite signs, hence 
we see by equation (48) that except in this case, since 
Prof. Ewing's measurements show that lid kid I is always 
less than unity, 


dr 
dl - 


and 


dl 

dr 


have the same sign, and 
dl 
dr 


and 


dl 

dr 


have opposite signs. 

Now di/dr is positive or negative according as the 
magnetizing force is less or greater than the critical value, 
so that when the magnetizing force Is less than the critical 
value 1 the extension we are investigating will increase with 
the magnetic force, but when the magnetizing force is 
greater than this value the extension will diminish as the 
force increases. 

As we mentioned before the strain produced by Maxwell’s 
distribution of stress, which is the other cause tending to 
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strain the body, has been shown by Kin hhuff to produce 
an expansion along the lines of fort e and a contraction at 
tight angles to them. Tints when the magnetizing force is 
less than the rritieal value this strain amt the strain we have 
just investigated art in the same way, but when the hirer is 
greater they art in opposite directions. 

Joule’s investigations (/$//. 30, pp. 7 6, 3,35, 1X47) 

prove that the length of an iron bar ineieases when n 
is magnetized and as far as the experiments went the 
increase in the length was proportional to the* square of the 
magnetizing force, Mr Shclford lUdweii (/Vo AVr, SW, 
XL, p, 109) however has lately shown that when the mag- 
netizing force is very large* the magnet x/turfrm as the 
magnetizing force increases. 

Comparing these experimental results with our theoretical 
conclusions we see that they are in accordanc e when the 
magnetizing force is small, and that when the magnetizing 
force is large they indicate that the strains due to the same 
cause as that which causes the intensity of magnetization to 
alter with strains are more powerful than those arising from 
Maxwell's distribution of stress, Prof, K wing's expel intents 
on the effect of strain on magnetization ( M Kxpeiinnmta! 
Researches in Magnetism/* /*////, 7 htm\ 1885, part tt, p, 
5B5) would seem to show that this must be the case, Fur 
Kirehhoff (Wiedemanns Anmtrn, xxv. p, l "mt ) has shown 
that the greatest increase in length which Maxwell's stresses 
can produce in a soft iron sphere whose radius is A\ placed 
in a uniform magnetic field where the forc e at an infinite 
distance from the sphere is //, is 

<53 It* 

17 for H A| 

where R is one of the constants of elasticity for iron 
and is equal in the e.o.s. system of units to 1*8 * m % \ 


STRAIN AND MAGNETIZATION. 


55 


Thus in this ease supposing k to be constant we have 

de i S 3 * 
dP x 76 ttP 1 *8 x io ,a 


Now according to Prof. K wing’s experiments the intensity 
of magnetization of a soft iron wire which was represented by 
1 Hi when there was no load was increased to 237 when the 
wire was loaded with a kilogramme, so that in this case 

y ‘...nearly (50). 

The diameter of the wire was such that the load of a 
kilogramme corresponded to a stress of about 2 x io n per 
square centimetre in c\as. units, so that if q be Young’s 
modulus for the wire and 3 c the extension produced by the 
load 

qle 2 x to"; 

for wrought iron q/n is about 2-5, so that 
7/Sc - 8 x 10 7 


and therefore by (49) 

1 dT r 

nf de 2*4 x 10“ * 

so that by equation (48) if c be the elongation due to the 
magnetization 


de 1 1 

7 x iQ n k 


(5i)- 


Comparing this with (49) we see that the part of dejdP due 
to the cause we are now considering is very much greater 
than that due to Maxwell’s distribution of stress. The value 
of d/jde is probably exceptionally large in this case, and 
near the critical value it is doubtless very much less, so that 
in this case it ii conceivable that the effect of the Maxwell 
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stress may he comparable with that due to the alteration of 
intensity of magnetization with strain* 

Since the Maxwell effect is in general so small compared 
with the other we should expect the critical value of the 
magnetizing force to he approximately the fame as the 
value of the force when the extension is a minimum ; it is 
however much less* There seems however to he reason 
to think that the critical value when the magnet is fine 
from strain has been very much underestimated. Indeed 
Prof, Kwing (A*t\ at.) expresses his opinion that M if we 
deal only with very small stresses it is doubtful wlniltei 
any reversal of the positive effect of stress would be 
reached even at the highest obtainable value of the magneto 
zation.” By the positive eflet t of stress Prof, Kwing means 
an increase of magnetization with an increase of sties\ the 
magnetizing forc e remaining constant. 

BidweH’s discovery that df d l 9 is negative when I lie 
magnetization exc eeds a certain value, in conjunction with 
the theoretical results we have been investigating in this 
paragraph, shows that when the magnetization reaches this 
value the positive effects of stress must tie reversed, Tin* 
magnet in this ease however is not. free from stresses as it is 
acted on by those called into play by the magnetization, 

36, If the dilatation in volume r 1 a/ tie denoted by o, 
then the part of B due to the same* cause as that who h 
makes the intensity of magnetization depend upon strain h 
by (48) given by the equation 


dB 

d/ a 


1 t (dr df\( 
$m - n ki \dr + 2 df ) \ 



Joule's experiments show that the dilatation in the 
volume if it exists at all must he very small compared with 
the elongation, as he was not able to detect it though Im 
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apparatus would lmve enabled him to do ho if it had 
amounted to one part in 4500000. Hence an the greater 
part of the .strain in that given by equation (48) 

dl dl 
tic itj 


must he small, ho that dlide ami dlldf must have opposite 
signs exc ept when they are very small This agrees with 
the results of Sir William Thomsons experiments on the 
effects of trac tion along and perpendicular to the lines of 
foree on the intensity of magnetization \ as, except in the 
neighbourhood of the critical magnetic forces when Hide 
and di d/ are both small, trac tion along and perpendicular 
to the lines of forc e produced opposite results. 

If we assume that Joule’s experiments prove that there 
is no change in volume then hy equation (52) 


dl dl 

de dj 


0 


and equation (48) reduces to 


tn 


•(S 3 )- 


de x dl f ff dk \ # 

dt* kt de V ' * dl) 

37, The critical value of the intensity of magnetization, 
i.e, the intensity when the magnetization is neither increased 
nor decreased by a small strain will, since by (32) and (47) 


It (' 


dk\ dl d d 




• (54), 


be given by the equation 


d d 
did/* 


(AP)^o .( 55 )* 


* In my paper on 44 Some Applications of Dynamics to Physical 
Phenomena,” Part t, Thd. Tram* Part u. (885 this equation Urn the 
wrong sign, which was carried down from equation (51) in the same 
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The experiments of Sir William Thomson and Prof. Kwing 
have shown that the critical value of / depends upon the 
state of strain. Hence we see by means of equation {55} that 
dAlde must be a function of c, so that if A he expanded in 
powers of e it must contain powers about the first. We may 
therefore write 

A a *1* fit' 4 ' yd *f BA i 

Novv if the term yd exists, the coefficient of A In the 
Lagrangian function will contain the term Ay/ 4 and ho will 
involve the state of magnetization of the hotly. Tim 
coefficients of elasticity however are linear functions of the 
coefficient of d in the Lagrangian function ho that if this 
latter quantity depends upon the state of magnetization, the 
coefficients of elasticity will do the same. We conclude 
therefore that the elasticity of an iron bar must he altered hy 
magnetization. This effect does not seem to have been 
observed. 

If in the expression for A we neglect powers above the 
second we have 

dA 

dc ^ 

and therefore 

The right hand side of this equation changes sign when 
e passes through the value 



Now the effects of strain on the intensity of magnetization 
and of magnetization upon strain depend hy (43) anti (47) 
upon the value of 
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d d 
de dl 




ho that we* should expect the effect of magnetization on the 


strain of an iron rod to depend upon the strain previously 
existing in the rod, in sueh a way that when the strain was 
less than a critical value magnetization would increase the 
length of the rod, and when it was greater than this value 
magnetization would have the contrary effect and lend to 
shorten the rod, dins agrees with the result of Joule’s 
experiments as he found that when the soft iron wires were 
stretched beyond a certain limit they became shorter instead 
of longer when they were magnetized. 

38. So far we have only considered the effect of expan- 
sion and contraction upon the intensity of magnetization 
and vice versa. We can however in a similar way discuss 
the effects of torsion upon the magnetic properties of iron 
wire. 

Let us now suppose that twist is the only strain in an iron 
wire which is longitudinally magnetized and has a twist c 
about its axis, then, using the same notation as before, the 
terms in the Lagrangiau function depending upon strain 
and magnetization are 


tty a similar method to that employed in the ease of 
dilatations we can prove that the twist c due to the same 
cause as that which makes the intensity of magnetization 
alter with the torsion is given by the equation 

%<dri^ 

Now when a twisted bar in magnetized it untwists to 
a certain extent if the magnetization is intense, but the twist 
increases if the magnetization is weak. If however the bar 
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initially has no twist in it then it neither twists nor untw 
when it is magnetized (Wiedemann’s Elektricitdt , m. p. 6£ 
This shows that if A be expanded in powers of c 
first power must be absent, otherwise by equation (58) 
untwisted bar would twist when it was magnetized. HeJ 
A must contain a term in c~ and therefore the coefficient 
d in the Lagrangian function must contain a term proportio 
to I 2 . Now the coefficient of d in the Lagrangian funct: 
is proportional to the coefficient of rigidity and hence we : 
that the rigidity of iron wire will be altered by magnetizati- 
Since the twist diminishes with strong magnetization 
see by equation (5 8) that the coefficient of c in 


- ~ -A (. AP ) 

n dc dl 3 v 7 


must be negative when I is large and hence that the 
efficient of d in A must be negative. Let us call t 
coefficient - y , the coefficient of c 2 in the Lagrang 
function is 

but the apparent coefficient of rigidity is twice the coefficb 
of - d in the Lagrangian function so that in this case * 
apparent coefficient of rigidity is 


n { i + ~ y'/ 2 } . 

I n 1 J 

Thus in this case the effect of strong magnetization is 
increase the rigidity, so that the same couple will not tvi 
the wire as much when it is strongly magnetized as wher 
is unmagnetized. 

When the intensity of magnetization is small the oppos 
will be the case, as in this case the twist in a wire increa 
when it is longitudinally magnetized. 


Since 
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f ) 


// 


dk 


de 


and by (47) ^ -// 

and also 

we have 


,k 1 , 

<tr t 


- 1 lk (.//“) I 

n de i ( ') 


1 d! 
nkl de 


("O 


or apiiruximutoly sintv d*(Al*)lndd > is very small 


de 

dr 


1 di 
nkl de 


GO 


.(60). 


We see by this equation that when the magnetization in 
so strong that magnetizing the wire diminishes the twist in 
it, then twisting the wire will diminish the intensity of 
magnetization. On the other hand when the intensity of 
magnetization is so small that magnetizing the wire increases 
the twist in it then twisting the wire will increase the 
intensity of magnetization. 

The reciprocal relations between torsion and magnetiza- 
tion have been experimentally investigated by Wiedemann 
( Zxhre von dor Elektrkitdt, m. p. (nyn) and he arranges 
the corresponding results in parallel .columns. These are 
also quoted in Prof. Chrystal’s article on Magnetism in the 
Emytiofredin Eritammu The following is one set of the 
corresponding statements. 

11 5* If a wire under the influence of a twisting strain is 
magnetized, the twist increases with weak but diminishes 
with sitting magnetization.” 

11 V, If a bar under the influence of a longitudinal 
magnetizing force is twisted the magnetization increases 
with small twists but decreases with huge ones.” 

t him paring these statements with the results we have 
previously obtained we see that whether the first part of V is 
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true or not depends upon the intensity of magnetization. II 
the twist be of such a magnitude that 5 is true, then the first 
part of V is true if the magnetization is weak, but the opposite 
is true if the magnetization is strong. Further since by V 
the influence of twist on magnetization depends upon the 
size of the twist, it follows by equation (60) that the influence 
of magnetization upon twist must depend upon the size of 
the twist— so that 5 is only true when the twist is on one 
side of a critical value, when it is on the other side tin* 
contrary is true. 

The existence of a critical twist as well as a critical 
magnetization makes the verbal enunciation of the relations 
between torsion and magnetization cumbrous; they are all 
however expressed by equation (6o)» 

39. Strains in a dielectric produced by the 
electric field. The strains produced in a dielectric by 
the electric field can he found by a method so similar to 
that used in the last two paragraphs that we shall consider 
them here though they have no connexion with the terms in 
the Lagrangian function which we have been considering, 

Let /, y, r be the electric displacements parallel to the 
axes ofx,jr, z respectively, then if the body is isotropic, the 
terms in the Lagrangian function of unit volume of the 
dielectric which depend upon the coordinates fixing the 
strains and electric configuration if the dielectric is fire 
from torsion are, 

(Xp + Y l/ + Zr)- 3 *{p' + 9 ‘ + Z) 

- \m {e +/+ if -\n (Z +/* + A <* - ttf-itg- */&).., {(n) 

where e,f,g are the dilatations parallel to the axes uf.v, r, s 
respectively, K the specific inductive capacity of the dieter tr i* 
and X, Y, Z the electromotive forces parallel to the axes 
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of ,v, y } a. Then we see an in § 35 that c,/> the strains due 
to the dependence of A' upon the strains in the dielectric 
are given by the equations 


dL dL dl ; 

°’ (f/ 0, ^ o, 


dc 


where L stands for the expression (6t). 

Substituting for L its value these equations become re- 
spectively 


2ir\ f 4 if f ; JI } ^ ^ f m (<* 1 / » 4) i » (<’ -/-tf) o 
an-' + ,f Y t*\ ‘y. ' K + m (<f +/+ .v) + "(/"<■ -tf) o 

(f/ l 

27rj 4 / 4- ‘ ^ 4 W (C 4/ +/*■) + // (tf- C-f)mO 


(62), 


Now 
So that if 


J 

p ' A"A\ </ 1 AT, r ' KZ 

47T 4JT 4*r 


f a' A' . ./ dK dk\\ , 


A** ^ -V* + 

we get from equations (62) 

A* t 
1 Cnrr // (3/// //) 

with symmetrical expressions for and //. 

The expansion in volume 

<• +/+.V 

is given by the equation 

- A* r G/A* </AT 

e 4/4^ « u < , + K 

' Hr 3/// - n ( de dj dg J 

Just as in the analogous ease of magnetism these are 
not the only strains produced in the dielectric by the 
electric field. The term (Xf 4 Yq *4 Zr) which occurs in 
the I Agrangian function can be shown to involve the same 
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distribution of strain in the dielectric an would be produced 
by the distribution of stress with 1 1 Maxwell supposes to 
exist in the eleetrie field, viz. a tension A'A*,Hir along the 
lines of force and a pressure of the same intensity at right 
angles to them, 'The effect of this distribution of stress 
will be of the same character for all dielectrics, and its 
nature depends more upon the distrilmtion of force 
throughout the eleetrie field than upon the nature of the 
dielectric*. The experiments of Quincke (/*////. x, p. 

30, 1HH0) and others show that the behaviour of different 
dielectric's when placed in the same eleetrie held is very 
different, Thus, for example, though most dielectrics 
expand when placed in ait elect lie held, the fatty oils cm 
the contrary contract. This difference of behaviour shows 
that in many eases at any rate, the strains due to tin* same 
cause as that whic h makes the specific induc tive* capacity 
depend upon the strain are greater than those produced by 
Maxwell’s distrilmtion of stress. 

Quincke has shown that the coefficients of elasticity of a 
dielectric are altered when an electric displacement is pro- 
duced in it, this shows that t A* when expanded in powers 
of e must contain a term in e* and is another proof that 
the spec ific inductive capac ity depends upon the strain in 
the dielectric. Since part of the strain of a dielectric in an 
eleetrie field is due to the same cause as that which makes 
the specific inductive capacity depend upon strain, the? 
expression for t A* when expanded in powers of e must con- 
tain the first power of the strains as well as the second, as if 
it only contained the second powers placing the dielectric 
in an electric field would merely be equivalent to changing 
the coefficients of elasticity of the hotly and so could not 
strain the body if it were previously free from strain, 

No experiments seem to have been marie to determine 
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directly the values of dJZIde, d&fdftkc., and the experimen- 
tal difficulties which would have to be overcome in order to 
do this are much greater than those in the corresponding 
case in magnetism. The dependence of K upon strain is 
probably much less than that of k, the coefficient of 
magnetic induction. For the specific inductive capacity 
seems to be much more independent of the molecular state 
of the dielectric than the coefficient of magnetic induction 
is of the molecular state of soft iron. Thus there is a com- 
paratively small difference between the specific inductive 
capacities of various substances, while the coefficient of 
magnetic induction of iron is enormously greater than that 
of any other substance. Again, the coefficient of magnetic 
induction is known to be much affected by changes in 
temperature; while some recent experiments made by Mr 
Cassia in the Cavendish Laboratory have shown that the 
effect of changes of temperature on the specific inductive 
capacities of ebonite, mica and glass is small, amount- 
ing in the case of glass, for which it is largest, to i part in 
400 for each degree centigrade of temperature. No experi- 
ments seem to have been made on the effect of torsion on 
electrification or of electrification upon torsion. 

40. Influence of inertia on magnetic pheno- 
mena. In the preceding investigations we have supposed 
the magnetic changes to take place so slowly that the 
effects of inertia may be neglected. If however a change in 
the magnetization involves, as it does according to all 
molecular theories of magnetism, motion of the molecules 
of the magnet, then magnetism must behave as if it possessed 
inertia. 

In soft iron and steel the conditions are made so com- 
plex by the effects of magnetic friction, magnetic retentive- 
ness and permanent magnetism, that it would be difficult to 
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disentangle the effects of inertia proper fmm other compfn 
cations. The effect, if it exists, would probably be detected 
most easily in the ease of crystals as only one of these, 
quartz, has ever been suspected of showing residual mag 
net ism (see Tumlirz, Wied. Ann. xxvn. p. qy, 1H8O), 't he 
effect of inertia would be to introduce into the equations 
of magnetization a term 

,,</V 


where / is the intensity of 1 magnetization, The equations 
of magnetization would therefore be of the form 

<U* ' k 77 ( ’ 5> ' 

where // is the external itutum-tir force. 

If // is periodic utul varies as then l>y {65) 

/ k/l urs 

7 t Cl// { ‘ r,) ' 


so that if p be so large that hMp* t, the crystal if para- 
magnetic for a steady magnetic force will be diamagnetic lor 
a variable one ami vice versa. 

Changes of this kind could be detected very readily if 
the crystal were freely suspended in the magnetic field, for 
when p* passed through the value t kM the crystal would 
swing through a right angle, 

41, The term Uv) tv in the Lagrnngian fune* 
lion, We have considered the terms depending upon the 
squares of the veloc ities of the electrical coordinates, and 
those depending solely cm the magnetic coordinates, let m 
now consider those terms in the expression for the kinetic* 
energy which involve the product of the veloc ities of a mag- 
netic and an electrical coordinate. 

It ii proved in Maxwell 1 ** Ekdrkity mui Alttgnrthm 
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{§ 634) that when a current whose components are u, v, w 
flows through the element of volume dxdydz and the volume 
dxdy'dd is magnetized to the intensities A , , I>\ C parallel to 
the axes of x, y 9 s respectively, then the kinetic energy L 
possessed by the system is 


u 


B 


dp 

dd 


F w 


sm 

K- 


B 


dp 

dx' 

dp 

dx' 


dp ‘ 

dd’ 


dxdydzdx'dy'dd - - (67), 


where p is the reciprocal of the distance between the 
elements dxdydz and dx'dy'dd. 

Now we represent the intensity of magnetization by 
where $ is the momentum corresponding to a kinosthenic 
or speed coordinate and rj is a vector (quantity. 

Since y is a vector quantity it may be resolved into com- 
ponents parallel to the axes of y , z. Let us denote these 
components by X, /*,, v respectively, then we may put 

A X£, B » C v& 


Making this substitution we have 


w 


(k - n pPj klxdydzdx' dy'dz '. . .(68). 


So that these terms are of the form 

{04 if- 

Considering the Lagrangian Equation for the electrical 
coordinate, we see that there is an electromotive force 
parallel to the axis of x on the clement dxdydz equal to 

_ ddL 
dtdit ’ 
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so that, per unit volume, tins force equals 


or - d dt{ Ji %- c %‘ {<><», 

with corresponding expressions for the electromotive forces 
parallel to the axes of y and s. 

These are the usual expressions for the electromotive 
forces due to the variations of the magnetic field. 

The magnetic force parallel to »v acting cm the element 
dx'dy'dz' is by § 33 equal to 

1 dh 
I dk 

so that the magnetic force parallel to x per unit volume 
is equal to 

,/x,fy<h ( 7 o) - 

with similar expressions for the magnetic forces parallel to 
the axes of y and s. These expressions agree: with those 
given by Ampere for the magnetic force produced by a 
system of currents. 

Again there is a mechanical force acting on the element 
dxdydz whose component parallel to the axis of a is 

dl 
dx * 

If we call 

(*$ " <«(*$. C'V) dv'd/dd 

{ v dx'~ X> t&) w {y% ‘ A Jy) tixWM ■ (7 >) 

( x $-4) 

F, 6\ // respectively, then F, (}, // are the same as the 
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quantities denoted by the same symbols in Maxwell's 
Electricity and Magnetism. 

Since the force on the element dxdydz is 
dL 
dx ’ 

we see that the force on unit volume may he written 
dP dG dll 

U dx f 7 dx f W dx ’ 
or 


jdG dP\ ( dP dm dP dP dF . x 

1 dx dy J 4 I ds dx } 1 U dx f V dy w 

This differs from Maxwell's expression for the same force 
by the term 

dP dP dP 


Since 

it follows that 


u + v . 4* w . . 
dx dy ds 

du dv dw 

4- . nO 

dx dy dz 


UK 


dP dP 

U , 4* V , 4- W 

dx dy 



if all the circuits are dosed. So that as long as the circuits 
are dosed the effect of the translatory forces is the same as 
if they were given by Maxwell's expressions. 

In the above investigation we have assumed that we 
could move the element without altering the current ; if we 
suppose the current to move with the elements we shall get 
Maxwell's expression exactly. 

The components parallel 107 and z of the force on the ele- 
ment dxdyds are given by expressions corresponding to (72). 

The force parallel to x on the magnetized volume 
dxUiyUh\ is 


dL 
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so that the force parallel to x per unit volume is 

"7 . ,„.v ''V 


{<■ 


//> 


1 <*"* " uC) !w 1 " vA Wl 

dv< /*/?... (73) 

with corresponding expressions for the forces parallel to y 
and 5. 

dims the force on the magnet is equal ami opposite to 
that on the current. 

We see by this example how from the existence of a 
single term in the expression for L we ran deduce the laws 
of the induction of currents, the production of a magnetic 
field by a current, the mechanical force on a current in a 
magnetic field and the mechanical force on a magnet placed 
near a current. 

42. Twist in a magnetized iron wire produced 
by a current, Prof. ( 5 , Wiedemann {Ekktrkiktt* in, 
p. 689) has shown that when a c urrent flows alt mg a long* ' 
tudinally magnetized wire, it produces a couple tending to 
twist the wire. This shows that there must be a term in the 
Lagrangian function for the wire of the form 

(74). 

where y is the current flowing along the wire, the intensity 
of magnetization /, and c the twist about the axis of the 
wire, /(c) being some function of t\ Applying Hamilton*?* 
principle to this term we see that it indicates the existenc e 
of a couple tending to twist the wire equal to 


or 


M 

yt 


#(<•) 

tk 

a ■ 


•( 75 )- 


Applying I ^grange’s equation for the /coordinate to this 
term we see that since the electromotive force tending to 
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increase jk is 

d dL 
dt dy ’ 

the existence of this term shows that there is an electro- 
motive force along the wire equal to 

- i \/m\ 

IK ! (7fj). 

Thus twisting a longitudinally magnetized iron wire must 
produce an electromotive force which lasts as long as the 
twist is changing, and any alteration in the longitudinal 
magnetization of a twisted iron wire must produce one lasting 
as long as the magnetization changes. Hence Faraday’s rule 
that the electromotive force round the circuit due to induc- 
tion equals the rate of diminution in the number of lines of 
force passing through it, will not apply to the case of a twisted 
iron wire, for we might get an electromotive force round a 
circuit made of such a wire by moving it in the plane of 
the magnetic force, and in this case there is no alteration in 
the number of lines of force passing through the circuit. 

The production of an electromotive force by twisting 
a longitudinally magnetized iron wire has been experi- 
mentally verified. 

Again, if we consider Lagrange’s equations for the 
coordinates fixing the magnetic configuration, since any term 
in the Lagrangian function indicates an effect similar to 
that which would be produced by an external magnetic force 
equal to 

1 dL 
( dr) * 

we see that the term we are considering indicates the 
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existence of a magnetising force on the wire equal to 

./W "(77) 

tending to magnetise it longitudinally. Ho that if it current 
of electricity passes along u twisted wire or if a wire 
conveying a current of electricity he twisted the ware will be 
longitudinally magnetised. These effetts have been ob« 
served by Prof. (#. Wiedemann {Rkktridfat, in. j*. bqa), 

43. HalPs phenomenon. The terms we are com 
sidering! involving both the electric and magnetic' coordinates, 
are also interesting from their connexion with Hull's phe- 
nomenon, for an we shall see directly this phenomenon 
indicates the existence in the Lagrangian function of terms 
of this kind. Hall discovered (/Mr//, A fag, X. jot,) that 
when currents are (lowing through a conductor plac ed in a 
magnetic field, there is an electromotive force due to the 
field even though it remains constant, and that this electro* 
motive force at any point is parallel and proportional to the 
mechanical force acting on the conductor conveying the 
current at that point, ‘rims the electromotive force i% at 
right angles both to the direction of the current and the 
magnetic induction, and its components parallel to the axes 
of x f y, % are respectively given by the expressions 

- r (w m> 

-C"M-yA 

- C ($/- 

where C is a constant depending upon the nature of the 
medium through which the current is flowing, «, (i, y are 
the components of the magnetic force and /, g % h arc the 
components of the electric displacement if the medium is n 
dielectric, if the medium is a conductor /, h are the 
components of the electric current. 
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Prof, Fitigmld (*• On the Elertroroiignetk Theory of 
the Reflation and Refraction of Light,” Phil Tram* 
1880, Pint in) anti Mr Glaxehronk (Phil, xi. p. 3*17, 
iHHt) have nhown that the txhxmm of tftm force prove* 

that there is it term equal to I •’ 

I i<"{ Avr-/W*ji(«*-r/) ^W ^)\ 

in the expruftton for the latgrangiim function of unit 
volume of the medium. 

Let m consider the Lagrangiatt equation for the electric 
displacement/ It indicates the existence of an electronuc* 
live force parallel to the axis of r equal to 
it dh til 

' M df * 4 

or in this case 

C(W~yk) < hV'Xy^im ( 79 ). 

The first of these terms corresponds to the If nil effect, 
the second to an electromotive force tending to displace the 
lines of electrostatic force. I - 1 ( i c'lll mi. ^ 

’I'his latter force is at right angles hotlt to the direction 
of electric displacement and to that itt which the change in 
the magnetic force is greatest ; the magnitude of the force 
is 

| C/W sin 0, 

where D is the resultant electrostatic displacement, ff thel 
^rate of change of the magnetic force and 6 the angle 
between the electric displacement and the direction in 
which the change in the magnetic force is greatest 

If /’ be the original electromotive force then since the 
Hall electromotive force is very small we have approximately 

I>m A ‘ /» 

.|tr 

where K is the specific inductive capacity of the medium. 

I uhj , „ 1 1 ; ; 


8 t » ' 
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Thus the ratio of the disturbing force we are considering to 

the original electromotive forc e is 

J CKU sin (i. 

Off 

Now Hairs experiments show that C* in electromagnetic 
measure is at most of order to and K is of the order to n 
so that the ratio of the disturbing hat e to the enigma! force 
i h of the order 

to™** ft Hin 


and is thus much too small for there to be any chance of its 
detection by experiment. 

We see too from the expression for this hare that it 
absolutely vanishes when l with the electric displacement and 
the magnetic force are stationary, and these were the eon 
ditions when I lull tried unsuccessfully to detect the rxtsiriu e 
of his effect in an insulator ( I'hiL Mttg* x. p. ,pq, t88n.) 

bet us now consider Hall’s effect from the point of view 
of magnetic instead of electromotive force, Perhaps the 
easiest way to do this will be to suppose that the magnetic 3 
forces are produced by an element of volume i/vVyW 
magnetized to intensities^/, //, (' parallel to the axes of 
..v* j\ s respectively. If U is the magnetic potential of this 
element at a distance r % then* for a point outside the magnet 


O - (a 1 r A 1 a C r/vVeW ,..(8o), 

\ iix r tty r c/s rj 


and 


M a till • M 

a ' dx ' (i 

Substituting these values for « f /f, y in the expression {78) 
we see that there is a term in the latgrangian function taped 
to 
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C’ 


'*{& - gk] £dy \ + W~ h ti T? -r + lyd. >} 

{< ** - ^ -£d + {hf - h ^£d Z l + vg-fo S ?}] 


+ c 


dxdy r 

d*_ i 
r dxdz r 

dxdy'dz '. 

If as on page (67) we put 

A = f A ; B = £fx; C =£v 

the magnetic force on the element dx’dy'dz’ parallel to the 
axis of x will be 

idL 
( dk ’ 

so that in this case the magnetic force parallel to x per unit 
volume is 


2 

or if 


’«* -**> £>♦<*- A /1 iar, IA-^1 s jf 


* 




(81) 


then the magnetic force at the points x', y', z parallel to the 
axis of # due to the electric displacements f g, h through 
unit volume at the point ( xyz ) is 



dij/ 

dx' 

(82), 

similarly the 

magnetic forces parallel to y and z are 



d\j/ 

dy' 

(83), 

and 

d\f/ 

dzf- 

(8 4). 

respectively. 
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If we have electric displacement* distributed throughout 
a volume of any size, then the components of the magnetic 
force parallel to the axes of .v, y % z due to the same cause 
as that which produces Hairs effect are 
rfty dty rf'V 
dx * 1 dy ' th* 

respectively, where 

'P jjj $ t/xtfvtk., (B$), 

the integration being extended over the volume throughout 
which there are electric displacements. 

If the point at which we wish to find the magnetic force 
is inside the volume occ upied by the electric displacements 
we must modify the preceding results. Let us suppose that 
we have a small sphere whose centre is at the point where 
we require the magnetic force, magnetized to the intensities 
A, J>\ C parallel to the axes of x t >*, z respectively. Then 
inside the sphere 


a 




r 


c. 


So that the Lagrangian function for an dement of volume 
dxdyds inside the sphere is 


‘ C ' 4 ; M W -d) + // (hf hf ) , c (ft M dufytte, 

hence the components of the magnetic force clue to the 
electric displacement at the point where the force is measured 
are 

3 «*-**), 

a * c(/>/-/>a 
UC(A'-/£). 

So that the general expression for the components of the 
magnetic force due to the cause producing the Hall effect 
are 
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2*/ +8*^ <**-*«) 
$ + 8 *C {/if- hf) 

2 + 8 "Ctfx-M 


(86), 


where /, A h are the components of the electric displace- 
ment at the point where the magnetic force is measured and 
'l' is given by equation (8i). Since C is a very small 
quantity, as are also f jf, h, these forces will be very small, 
and it is only when f, ,v, h vary very rapidly that we could 
expect to have any chance of detecting them. We shall 
therefore calculate the magnitude of these forces when the 
electric displacement changes with the greatest rapidity we 
can produce in an experiment. This if the Electromagnetic 
Theory of Light is true will be when the electric displace- 
ments are those which accompany the propagation of light. 

Let us suppose that we have a circularly polarized ray 
travelling along the axis of a and that the electric displace- 
ments are given by the equations 

/ ' 

J 70 COS {?•/-£) 

A 

. 27T* . N (87), 

g w Kin — {vt - s) N ,n 

A 

// o 


where w in the amplitude of the oscillation, X the wave length 
and v the velocity of propagation of light 
Substituting these values we see 


Kh -gh o 

/>/• /(f o 

A'-tt - w* 


2 WV 

A 


( 88 ). 
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If we consider a long cylindrical beam tif light 

^ o 

and thus by equation (86) the circularly poluri/cd ray 
produces a magnetic: force in the direction along which it is 
propagated equal to 

... „ 2WV 
- W * 

we can deduce the value’ of w for strong sunlight from 
the data given in Maxwells Ktoirkity and Maym$i\m % Vok 
it, § 71)3. The maximum electromotive force in this case 
k given as 

6 K 10 7 

in electromagnetic measures the maximum value ?e, of the 
displacement corresponding to this is 

A* i 

6 *: ter 

4 * 

or 

3 x to 7 


Assuming the wave length to be 6 * ter \ which is a little 
greater than that of the /> line and C* to be to \ we see 
that the magnetic force produced by circularly polartml 
light as intense as strong sunlight cannot be greater than 


which is much too small to he detected by experiments, 

The direction of the magnetic’ force is related to the 
direction of rotation of the electric displacement in a 
circularly polarized ray like translation and rotation in a 
left-handed screw. 

Prof. Rowland has shown (/%//. May. Apr. *HHt) that the 
Hall effect if it existed in transparent bodies (which with the 


#* 
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exception of electrolytes are all insulators) would account for 
the rotation of the plane of polarization of light passing 
through such bodies placed in a magnetic field in which the 
lines of magnetic force are more or less parallel to the 
direction of propagation of the light. In this case by the 
aid of an external magnetic force we rotate the plane of 
polarization ; in the case we have just investigated, which 
may ho looked upon as the converse of this, a beam of 
circularly polarized light produces a magnetic force parallel 
to the direction in which it is travelling. 



CHAPTER V. 


RECIPROCAL RELATIONS IlETWKEN PHYSICAL FORCES 
WHEN THE SYSTEMS EXERTING THEM ARE IN A 
STEADY STATE. 

44. The preceding methods are applicable to systems 
in all states, whether steady or variable. When however the 
system is in n steady state the reciprocal relations between 
the various physical forces become so simple that they seem 
deserving of special treatment, and we shall accordingly 
consider them separately. 

Let us consider the mutual effect of two quantities fixed 
by the coordinates f> and y upon each other. Let us 
suppose that we have a force /’ of type /> acting upon the 
system, then /’ will alter the coordinate f> in a definite way 
and the amount of the alteration may depend upon the 
value of the other coordinate y. Let us suppose that y 
suffers a small alteration % and that 8/’ is the amount by 
which /' must be increased in order to keep / the same as 
before. Then since the system is in a steady state if /, lie 
the Lagrangian function we have 

„ M. 
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so that 


dpdq 


.(89). 


Now if we have a force Q of type producing a definite 
change in the coordinate q then if we alter p by Zf we must 
in order to keep q constant alter Q by some quantity 8<2> 
and since 

jIL 
dq 

dL _ d*L 
dq dpdq 


Q 


and 


Q-*BQ 


S/i 


we have 


8<2 = 


d'L 


dpdq 

so that by (89) and (90) we have 


Ip. 


•( 9 =) 




constant 


( 9 *)- 


Or the alteration in P when q is increased by unity, p being 
constant, is the same as the alteration in Q when / is 
increased by unity, q being constant. Thus if P depends 
upon q then Q will depend upon p and vice versa. And 
we notice that if by increasing q we increase the “spring” 
of p then by increasing p we shall increase the “spring” 
of q. 

Equation (91) is analogous to the “thermodynamical 
relations” given in Maxwell’s Theory of ITmt, p. 169 and 
forms one of those reciprocal relations which exist in 
physics and which so often enable us to duplicate discoveries 
in Physical Science. The consequences of reciprocal rela- 
tions of a different kind are considered by Lord Rayleigh 
in the Theory of Sound, VoL 1. Chapter 5. 

As an example of the application of this equation we 
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may take the case of a wire bent into any shape by the 
action of any number of forces two of which are /*and {K 
then the increase in Q required to keep its point of 
application at rest when p is inc reased by unity* will also 
be the amount by which /'must be increased to prevent its 
point of application moving when // is inc reased by unity. 

Or again, we see by this equation that if the force 
required to produce a given extension in an item wire is 
altered by magnetizing the wire then the magnetic: iuru* 
required to magnetize the wire to a given intensity will be 
altered by straining the wire; and that these alterations will 
be connected by the following relation, /‘being the tension, 
the extension of the wire* // the magnetic.' force and / the 
intensity of magnetization* 





Again when a current passes through an elec trolyte in 
solution it decomposes it and the strength of the solution 
changes, this change in the strength of the solution may* 
and in general will, change the coefficient of rmopresMbiltp , 
the volume and the surfac e tension of the solution* and in 
this case equation (91) shows that the electromotive lone 
required to send a given current through it cell t oniuiumg 
the solution will he altered by pressure and by any flange 
in the free surface of the solution. Let E be the electric 
motive force* y the current, v the volume of the solution, 
S its surface, and T its sutfac e tension, then in ltd*# ca%c fur 
the effect of pressure / we have 



The negative sign is taken because / lends to dimmed* is 
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If k be the modulus of compression, v 0 the volume of 
the solution when free from pressure, then 



fd/>\ ( v\ dk 
\dy) v V V dy 9 


when y is constant, k is also constant so that 


¥ = - 


Bv 


and therefore from (93) 

iE ’*(’-0 


dk dp 

dy k 


I dk , 

dyM’ 

so that if the pressure is increased from J\ to I\ the 
increase in the electromotive force required to keep the 
current constant is given by 


w (94). 

To get an idea of the magnitude of this effect let us take 
the case of a solution of chloride of lithium, the volume of 
the solution being t cubic centimetre. 

The data for calculating dkjdy in this case are the fol- 
lowing : 

The passage of unit quantity of electricity corresponds 
to the decomposition of about 4*3 x 10 “* grammes of 
lithium chloride, we shall suppose that none of this is redis- 
solved, then the passage of a unit quantity of electricity will 
withdraw this quantity of salt from the solution. 

Rdntgen’s and Schneider’s experiments (Wiedemann’s 
Anna ten , xxix. p. 186, 1886) show that the addition of 6 
grammes of lithium chloride to too cubic centimetres of 


DYNAMICS, 


84 


water increases the modulus of compression hy about 15 
parts in 100, so that if the increase in the modulus is 
proportional to the quantity of salt, then the subtraction of 
4*3 x to’ * grammes from 1 cubic centimetre will diminish 
the modulus hy about t part in 100, hence 

j' ^ - to \ approximately. 

Now k for water is about 2*2 x to*'*, ho that if &fi is the 
change produced by a pressure of 1000 atmospheres, which 
in absolute measure is about to w , we have 




. nr fi 1 
“ 2*2 x to MI 


10* 


1 X to rt , 


that is the pressure of 1000 atmospheres would diminish the 
counter electromotive force by about 1/400 of a volt. 

The numbers given by Rbntgen and Schneider for the 
effect of carbonate of soda on the coefficient of compres- 
sibility, show that the effect of pressure on a solution of this 
salt would be much greater than that on the lithium chloride 
solution. 

Let us now suppose that the volume of the solution is 
altered hy the passage of an electric current, but that the 
coefficient of compressibility is unaltered. 

Then since 



if the passage of the unit of electricity increases the volume 
hy dv\dy we must apply an additional pressure kdrjrjy to 
keep the volume constant, so that 

nip\ k dr 

\dy / ft L* ( fy * 

and the equation (9 1) becomes 
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/d£\ k dv 

\ dv) y constant ?'o dy * 

so that since kdv/v {) = - dp, we see from this equation that 
the change SE in the counter electromotive force is given 
by the equation 

W < 9 S)* 

When the electric current goes through a salt solution 
the changes which take place and which alter the volume 
are so numerous that it is not possible to calculate from 
existing data the change which takes place in the volume 
when unit quantity of electricity passes through the solution. 
In order to see of what order this effect is likely to be, let us 
suppose that* the change in the volume is comparable with 
the volume of the salt electrolysed. When unit quantity of 
electricity goes through a solution of sulphate of potassium 
it electrolyses about 9 x io' ’' 1 grammes of salt, and since the 
specific gravity of the salt is 2 '6, the volume of this is about 
3*5 x to" 41 , hence in this case we may suppose that dv/dy is 
comparable with 3*5 x io~ a and that the change in the 
counter electromotive force produced by 1000 atmospheres 
is of the order 

3*5 * 

or about 1/28 of a volt. 

We will now consider the case when gas is given off. 
Let us suppose we are electrolysing water, above which 
we have air, enclosed by a cylinder with a moveable piston. 

If unit quantity of electricity goes through the water, 
9 x to” 4 grammes of water are electrolysed, the volume of 
the water therefore diminishes by 9x10* 4 cubic centi- 
metres. At one terminal 10 4 grammes of hydrogen will be 
liberated, and 8 x 10 s4 grammes of oxygen at the other. 
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Let us proceed to find the change in the pressure, the 
volume remaining constant when unit of electricity passes, 
The diminution in pressure due to the disappearance of 
the water is, if v he the volume of the gas above the water 

o x 10 4 ^ , 

* V 


the increase in pressure due to the to ^ grammes of hydro 
gen is if the temperature is o'* C. 


and the increase due to the oxygen is one half of this, hence 

C/y)», r !l ' 6 s * 1 °" " 9 * «« VI* 

so that by (95) 

**/' ~ 1 {1*65 x to M - 9 x/ x id" 4 }, 

dv V K 1 

But 

Sr ^ _ V 
v p * 

so that 

dE rfx; x to* 

If the pressure is ima eased from J\ to J\ the change 
Hi in M is given by the equation 


822 » t<>5 x to rt x log f f - 9 x to 4 x U\ - ■ /*). 

* X 

For a thousand atmospheres the counter electromotive 
force is increased by 

1*65 x to* x 6 *t) ~ 9 x to" 4 x to* approximately, 

« 1*8 x to 1 -9 x to*, 
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so that the counter electromotive force is increased by about 
one-eighth of a volt. 

The effect of surface tension is given by 



This effect will in general be very small, for example in the 
case of chloride of lithium, the experiments of Rontgen 
and Schneider (Wiedemann’s Annalen, xxix. p. 209, 1886), 
show that the addition of 6 parts by weight of lithium chloride 
to 100 of water increases the surface tension by about 3 parts 
in 100. The passage of 1 unit of electricity decomposes 
about 4 - 3 x 10 grammes of lithium chloride, so that if v 
be the volume of the solution 

r dr 1 3 10“ 

1 dy v 10 “ 6 

I 

s - 2xio" 8 ^ approximately, 

and for water T- 81, 

so that 

dT 1 6*2 x ro~ a 

dy v ’ 

and therefore by (96) 

dR i(y *2 x io“ a 

dS “ ~ '~ m 'v 1 

or if the volume remains constant the effect of increasing 
the surface by S is to diminish the counter electromotive 
force by 

x 10“ 9 S 
v 

Suppose that the liquid is squeezed out into a thin film 
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whose thickness is / then 


and 


v » St 


IE 


I 6*2 X to” 51 

/ 


If t were of the order of molecular distances say to" 7 then 
&/i « - *6*2 x i o\ 

or the counter electromotive fence k diminished by about 
’0*6 volts. 

The preceding investigation is on the supposition that 
the electrolyte is in contact with the air; if it were in 
contact with a solid such as glass the withdrawal of the 
electrolyte from the solution on the passage of the current 
would increase the surface tension between the liquid and 
the solid, so that the electromotive force required to 
decompose an electrolyte in a porous plate would be larger 
than that required to decompose it when it is in bulk. 

Again, the surface tension of liquids is altered when they 
absorb gases, so that the electromotive force required to 
decompose an electrolyte whic h absorbs a gas produc ed by 
the passage of the current will be different when the 
electrolyte fills the interstices of a porous plate from that 
required when it is in an ordinary electrolytic* cell. 


CHAPTER VI 


KFFKCT OF TKMPKKATUKK UPON THK PROPKRTIKS 
OF BOD IKK. 

45* Wk luive cmly considered so far the relations 
between the phenomena in electricity, magnetism and elas- 
ticity and have not discussed any phenomenon in which 
temperature effects occur. We shall now go on however to 
endeavour to extend the methods we have hitherto used to 
those cases in which we have to consider the effects of 
temperature upon the properties of bodies. 

Before doing this however we must endeavour to arrive 
at some dynamical interpretation of temperature. The only 
cane in which a dynamical conception of temperature has 
been attained is in the Kinetic Theory of Gases, and there s 
the temperature is the mean energy due to the translatory 
motion of the molecules of the gas. So that if N be the 
number of molecules of the gas in unit volume NO is the 
•energy of translatory motion of the molecules at the tempe- 
rature 0, 

There seems good reason for believing that NO is a part! 
of the kinetic energy of the molecules when these are 
aggregated so as to form a solid or liquid as well ai when 
■they form a gai. 
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The experiments and ideas which led to the establish- 
ment of the principle of the Conservation of Knorgy at the 
same time led to the conclusion that the energy of sensible 
heat in energy due to the motion of the molecules and is 
therefore part of the kinetie energy of the system. The 
reader should refer on this point to Maxwell's Theory of 
Heat, p, 301. Another reason for supposing that the 
temperature in the liquid as well as in the gaseous 
condition is measured by the mean energy of translation 
of the molecules is, that Van tier Winds (Die Continuity t/es 
gnsformigm urn! jlimigen ZusUmdes) has given a theory of 
the molecular constitution of bodies in those states which 
are intermediate between the liquid and gaseous, in which 
this supposition is made, and that this theory agrees wadi 
with the facts in many important respects. And again 
since most solids and liquids are capable of getting into a 
state where their specific heat is constant, that is, where the 
rise in temperature is proportional to the energy commune 
rated to the system, we are led to suppose that the kinetic 
energy of some particular kind is a linear function of the 
temperature. 

This following illustration will show that it is probable 
that when we have two bodies in comma the collisions 
between the molecules will tend to equalize the mean 
energy of this translatory motion when these bodies are 
solids and liquids as well as when they are gases. The 
mean translatory energies of two substances in contact thus 
tend to become equal, so that in this important respect the 
mean translatory energy has the same property m tempo* 
rature 

Let us suppose that we have two different substances 
composed of molecules A and B respectively, and that the 
molecules of the two substances are separated by a material 
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plane surface, Let us also suppose that the mass of this 
plane is large compared with that of a molecule of either 
substance and that it is prevented by perfectly elastic stops 
from moving through more than a distance comparable 
with molecular distances. Since the mass of the plane is 
very much greater than that of a molecule and since it can 
only move through a small distance in one direction- the 
velocity of the plane will be very small compared with that 
of the molecules— -we shall suppose that it is so small that 
the number of molecules which are moving more slowly 
than the plane may be neglected, or what amounts to the 
same thing that all the molecules on the surface of the 
substances which are moving towards the plane strike it, 
and that none of those which are moving away from the 
plane do so. Let us suppose that the action between the 
molecule and the plane is the same as that between a 
perfectly elastic sphere and plane. 

Let m be the mass of an A molecule, v the velocity of 
the molecule, and a the angle its direction of motion makes 
with the normal to the plane before impact, V the velocity 
after impact, M the mass of the plane, w and IV its velocity 
before and after it is struck by the molecule. Then we 
may easily show that 


* {Mw 9 ™ mi** cos* a — (M - m) %m cos a}. 

Let uh take the sum of the equations representing the 
effects of all the collisions winch take place in unit time, we 
have 

{ V 9 - 

' S "" mt * cm * a ~ “ m ) vw cm a l—(97)‘ 

If N be the number of A molecules which come in con- 
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tact with the plane in unit time ami 6 X the mean translator/ 
kinetic energy of such molecules, then if M x denotes the 
change in & x in unit time 

hlm(F*~r*) NM xt 

If iV ' be the number of collisions and 0 the mean 
kinetic energy of the plane, then 

XMiF 2.VU 

Since the directions of motion of the A molecules are 
equally distributed 

tmvU'm** i XmF \N f 6 x * 

Since the plane is supposed to move ho slowly that all 
the molecules moving towards it strike it, and since its 
average velocity is zero, we have 

2 ( M m) ?7C cos « o, 


so that equation ( 97 ) becomes 


NW X 


2 Mm 
(M f mf 


\*Are 5 n*q x \ ...... (c>h). 


If 0 t he the average translatory kinetic energy of the // 
molecules which strike the plane in unit time, N x the num- 
ber of such molecules and the number of < ollimons, m* 
the mass of a moleeule, we have similarly 


N x m t 

and we have also 


Jri'iy W»-WA- 


■ (W). 




i £«rW t -iw 


..(too). 
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Now we can make the average kinetic energy of the 
plane what we please by giving it the proper initial velocity. 
For our purpose we wish the plane to act as a transmitter 
and not as a storer of energy, and it will do so if we give it 
such an initial velocity that the mean kinetic, energy of the 
plane does not alter in unit time. If this is the case 80 
vanishes and we have by (too) 


mN' , ,, , a , , »iN! , ,, , „ , 


(M+niY 


(M+ m'Y 


so that 


if 


20 


\Q ... !l(^a “ ^1) a 




a + !> 

“ a + 1> 

m'N! 


’t'jsr; 
a (M\- m r y ’ 
, mjsr 


(M + m)* • 

Substituting these values for 26 and 2O- 9 j$ in 
equations (98) anti (99), we have 


me, 

me, - 


2 Mat* 

3 («+t) 
2 Mab 
3 (a 4* b) 


R-V 


Thus if ( 3 , is greater than 0 „ ( 3 , will increase and 0 , will 
diminish, and vice versA, and if 0, is equal to 0 9 they will 
remain equal ; thus the mean translatory energy behaves in 
these respects exactly like temperature. There seems 
nothing in the above illustration to restrict it to the case of 
gases, and we should expect it would hold equally well for 
solids or liquids. 
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4 6. We are thus led to assume that part of the kinetic 
energy of a system, whether that system he a portion of a 
solid, liquid or gas, is proportional to the temperature. 

Let uh denote this part of the kinetie energy by 

i {("«)«'+ •••}. 

where u is a coordinate helping to fix the position or con- 
figuration of a molecule. We see at once that there is an 
essential difference between these coordinates amt those we 
have hitherto been considering and which fix the geometrical, 
strain, electric and magnetic configuration of the system. 
We have these latter coordinates entirety under our control 
and subject to certain limitations imposed by the finite 
strength of materials, the strength of dielectrics, and 
magnetic saturation ; we may make them take any value we 
please. We may therefore fitly call these coordinates con 
froilable coordinates, It is quite different, cm the other 
hand, with the coordinates fixing the separate moving parts 
of the systems whose kinetic* energy constitutes the tempera- 
ture of the body. We can it is true affect the average 
value of certain functions of a large number of these coor- 
dinates, but we have no control over the coordinates indivi- 
dually. We may therefore call these coordinates ** uncon- 
strainahle” coordinates. Their fundamental property is 
that we c an not oblige any individual coordinate to take 
any value which may be assigned. Since we have no power 
of dealing with individual molecules, the ** controllable " 
coordinates must merely fix the position of it large number 
of molecules as a whole. 

If the term 

h { (iwy+.-.l 

involves any “controllable" coordinate 4h then it m evident 
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that this coordinate $ must enter as a factor into all the 
terms in the form expressed by the equation 

J {{uu)i? + ...}-§/(<£) + ...} (ioi), 

where the coefficients (uu) f do not involve <f>: otherwise the 
phenomenon would be influenced more by the motion of 
some particular molecule than by that of others. We 
shall assume that < 9 , the temperature, is proportional to 

A {(uu)u*+ ...}, 

that is that 

6 as \C {(UU)U* + ...} (l02), 

where C does not involve any of the “controllable” coordi- 
nates which fix the configuration of the system. 

47, We may conveniently divide the kinetic energy of 
a system into two parts, one depending on the motion of 
“uneonstrainable” coordinates, which we shall denote by 
T u , and we shall assume that this is proportional to the 
absolute temperature the other depending on the motion 
of the “controllable” coordinates, we shall denote by T a 
corresponds to what v. Helmholtz in his paper on 
“Die 7 Iiennodynamik chemischer Vorgiinge" ( IF tsseuse/i ajtliche 
Abhandltingen , u. p. 958) calls “die freie Knergie.” There 
will not be any terms in the kinetic energy involving the 
product of the velocities of an “ uneonstrainable” and a 
“controllable” coordinate, otherwise the energy of the system 
would be altered by reversing the motion of ail the “uncon- 
strainable” coordinates. 

Let us suppose that is a controllable coordinate which 
enters into the expression for that part of the kinetic energy 
which expresses the temperature, then if O be the external 
force of this type acting on the system we have by Lagrange’s 
equations, F being the potential energy, 
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d dr dr dV 

dt t /,j, 4 f 4 ' 

Now T > 7 ,* \ T„ 

, // 7 ; 

ana , o, 

i/tp 

m that 

* ,/ z/ 7 ; //y; r/;, 

(// t /,j, d f/i 4 </<!> 

Now by equation (103) 7 |, is of the form 

4/M 


(IO.0- 


where (////)' does not involve </*, so that we have 
dV H fid,) T 

4 /M " 

and therefore 

,/ dv: dv: / id) dr 

dt 4 ~ 4 "/W ' 4"‘ 


(104), 




differentiating this equation on the supposition that all the 
controllable coordinates are constant and that the only 
variable is the energy depending on the motion of ** urn-on- 
trollable” coordinates, we have 


d* fid) 
dT„ ~/id)' 


and therefore by (toq) 


r d* d?l 

"dT„ "4 " 


,.(tof»). 


48. Now let us suppose that energy is communicated to 
the system, partly by the action of the external forces on the 
“controllable" coordinates, and partly through the “union- 
Htrainablc" coordinates : let the quantity of work commu- 
nicated in the latter way be If the motion of the 
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“unconstrainable” coordinates is that which gives rise to the 
energy corresponding to temperature, 8(2 may be regarded 
as a quantity of heat communicated to the system. 

We have by the Conservation of Energy, if <|S. denotes a 
“ controllable ” coordinate, 

8 Q + m<t>~ 8 r e + 8 T„+ 8 F (107). 


now <■»«). 

and since T c is a quadratic function of the velocities of the 
“ controllable ” coordinates, we have 

dT e 




and therefore 


4 


< I0 9); 


d(j> dcj> , 
so that by subtracting (108) from (109) we get 





d<f> 

Since the change in the configuration is that which 
actually takes place in the time 8/, we have 

</>8/ £3 S<£, 

so that 

id dT e dTe 1 


<•“>■ 


and therefore equation (107) becomes 

s <2 “ ■ v~ (.»)• 

Now, if V be completely fixed by the controllable 
coordinates, we have 

dV 


t. n. 


7 
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Substituting for •!> the value given by (103) we have 


but by (jofi) 


so that 


K > (1*3)1 


r< (**\ 

* w rj* m 


*Q - s: T„ (/* 1) 8: T u (114). 


Let m suppose that the quantity of work communicated 
to the system is just sufficient to prevent T„ from changing* 
then 

«G»-s r.(J r ) t H, 


O. ~r.(%) ... (1 15). 

\ m p J T u etmmimt V* * a/ 4 * eMitUtni 


Remembering that T„ is proportional to the absolute 
temperature 6 , we sec that equation (tig) becomes 




OUMtAttl 


(t*6), 


where in finding d®jd() we must take care that 0 is the only 
quantity which varies. 

In this form equation (i 16) is identical with the third 
thermodynamical relation given in Maxwell’s Theory of 
Heat, p. 169, and v. Helmholtz in his jrnper “Die Thermo* 
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■dynamik Chemischer Vorgange” ( Wissenschaftliche AbJuind- 
dungen , 2, p. 962) deduces this equation from the Second 
Law of Thermodynamics and applies it to the case of 
the variation of the electromotive force of galvanic cells 
with temperature. The conclusions at which he arrives 
have been verified by the experiments of Czapski ( Wied. 
Ann . 2i, p. 209) and Jahn (Wied. Ami. 28, pp. 21, 491). 
If 8 ( 2 »o, that is if all the work done on the system is done 
by means of forces of the types of the various controllable 
^coordinates, then we have by equation (114) 


/ d<t> \ 

(dT. A 

\d Tu) ((> constant 

V d<l> J 0 constant 


49. Since 

dT u _J'($) 

*+ “ m w 

■we see by (1x3) that 

8<2=s / ( ?) ) T ^ jrlT '" 

or 

19 “ 28 log/ (<£) + 8 log T„ (1 18), 

J. u 

so that 

8Q 

T u 

is a perfect differential. This is analogous to the Second 
Law of Thermodynamics, and we see by the analogy that 
it shews that energy arising from the motion of quantities 
fixed by “unconsfcrainable” coordinates can only be partly 
converted into work spent in moving the quantities fixed by 
the “ controllable” coordinates. The amount which can be 
-converted follows laws analogous to those which regulate 
the conversion of heat into mechanical work. 
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In the preceding work we have mourned that the 
potential energy of the system wan not ('hanged if the 
u controllable M coordinates remained unchanged* When 
however the system is a portion of a solid or lit pud the 
potential energy may by some alteration in the state of 
aggregation be changed without there being any corn© 
sponding change in the controllable coordinates. To 
include this ease we must suppose that Tin a function of 
the temperature as well as of the and that its value in 
the neighbourhood of the temperature corresponding to a 
change of state in the substance varies very rapidly. 

In this case we have 0 being the temperature* 


Uf 

and instead of (114) 


dV 

dtf) 


fty + 


dV 

40 


fa 




Since 80 and 87;, vanish together we see that equation 
{t 16) still holds. Equations ( 1 1 7) and { t tS) however require 
modification. We have now (8(> «- 8 / <,/, T„ a perfect 

differential instead of 


50. Relations between heat and strain. We 
shall now apply equation (ufi) to determine the effects due 
to the variation of various physical quantities with tempera 
ture, and shall begin by considering the effects produced by 
the variation of the coefficients of elasticity m and n with 
temperature. 

In equation (t 16) let us suppose that <J> is a stress of 
type e, then using the same notation us in 8 .*5, we have 

* m (<- t /+.tr) + « (<* - f-x), 


(t) 

\d0 / $ COflMAnt 
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So that by equation (n 6), 8 Q, the heat which must be 
•supplied to unit volume of the bar to keep its temperature 
from changing when e is increased by 8 c is given by the 
equation 

S Q “ - {jy-(«+/+A r ) + (e -f~£)} (w°)» 

and thus if the coefficients of elasticity diminish as the 
temperature increases, heat must be supplied to keep the 
temperature of a bar constant when it is lengthened, and 
hence if the bar is left to itself and not supplied with heat it 
will cool when it is extended. 

If <I> is a couple tending to twist the bar about the axis 
of x, we have, if a is the twist about that axis, 

<t> na 9 
d$ dn 

"cW"’ dB a ' 

and therefore by (i 16) 8 Q, the heat required by unit 
volume of the bar to keep the temperature from changing 
when a is increased by 8 a is given by the equation 

SQ ~ G d “ e a Sa (tax), 

so that if a rod which is already twisted is twisted still further 
it will cool if left to itself, provided, as is usually the case, 
the coefficient of rigidity diminishes as the temperature 
increases. 

The preceding results were first obtained by means of 
the Second Law of Thermodynamics by Sir William Thomson 
in his paper on the Dynamical Theory of Heat ( Collected 
Papers 9 Voi. x. p. 309). 

51. Thermal Effects produced by Electrifica- 
tion. Let us now consider the case when # is an electric 
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force* parallel to the axis of .v, producing an electric displace- 
ment / in that direction. In this case if A* be the specific 
inductive capacity of the dielectric, we have 


<!> 


4* f 

K‘- 


( d *\ 

Wo), 


4» dK 

Jfi / * 


. # *=■# /« / ..*««{ t Jf 2 ) » 

so that 8(>, the heat which must be supplied to unit volume 
of the dielectric in order to prevent its temperature changing 
when the electric displacement is increased by hf, is by 
(i 1 6) given by the equation 

4 V JK 


K> 


A , J M 


m- 


.(123). 


Some recent experiments made by Mr (lassie in the Caven- 
dish Laboratory on the effect of temperature on the specific 
inductive capacities of glass, mica and ebonite, have shewn 
that the specific inductive capacity of these dielectric's 
increases as the temperature increases, and that at about 
Jo^C. 

♦ >/ A 

'002 fur glass, 


t d K 
K dt) 
t dK 
K dt) 
l dK 
K dt) 


•0004 for mica, 
•0007 fur ebonite. 


Thus the heat which must lie supplied to unit volume of a 
piece of glass to enable its temperature to remain constant 
when it is electrified is by (133) 


•003 \:. o /\ 


• *6 



and this at 30“ C. 
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hut 

is the work supplied from electrical sources, hence in charg- 
ing a Leyden jar, we see that the mechanical equivalent of 
the heat absorbed by it during charging, if its temperature 
remains constant, is about two-thirds of the work supplied 
to it from electrical sources. 

We see also by equation (123) that a piece of glass will 
be cooled when it moves from a place where the electric 
force is weak to one where it is strong. 

52. Thermal effects of Magnetization. Let us 
now suppose that ^ is a magnetic force magnetizing a piece 
of soft iron or other magnetizable substance to the intensity 
/. Then if k be the coefficient of magnetic induction 



so that 

T dk ( \ 

V«W/con»tMt d6 [12A) ' 

And therefore 8 <2 the heat which must be supplied to 
unit volume of tire magnet to keep its temperature con- 
stant when the intensity of magnetization is increased by 
8/ is by equation (xi6) given by the equation 

SQ (125), 

so that if the coefficient of magnetization decreases as 
the temperature increases then a magnet will get heated 
when its intensity of magnetization is incr^sed, and there- 
fore when it moves from weak to strong parts of the 
magnetic field. This was pointed out by Sir William 
Thomson in the paper just quoted. 
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The experimental investigation of the heating effects 
produced by the motion of magnetizable bodies in variable 
magnetic fields is rendered difficult from the heating effect 
produced by the electric currents induced in the magnet by 
the alteration in the number of lines of magnetic force pass- 
ing through it. 

Another thing which would increase the difficulty is 
the phenomenon called by Ewing hysteresis (Experimental 
Investigation on Magnetism, Phil, Trans, tHHj, p, it). 
This causes the intensity of magnetization to depend not 
only on the strength of the magnetic force, but also on the 
previous magnetic history of the substance : so that the 
curve representing the relation between intensity of magneti- 
zation (ordinate) and magnetic force (abscissa), as the mag- 
netic force goes through a complete cycle, will be of the 
kind shewn in the accompanying figure, and will enc lose 



a finite area, indicating the dissipation of tt finite quantity 
of energy proportional to the area of the curve, and this, 
dissipated energy will appear as heat. 

Experiments made on the effects of temperature upon 
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the coefficient of magnetization of iron have shewn that 
the.se are rather complex. Baur (Wiedemann's Ekktridtat* 
iii. p. 750) from his experiments on this subject lias arrived 
at the following results. 

The influence of temperature upon the magnitude of the 
coefficient of magnetization depends upon the magnitude of 
the magnetizing force. 

The coefficient of magnetization increases with the 
temperature if the magnetizing force does not exceed a 
certain value, hut when the magnetizing force exceeds this 
value the coefficient of magnetization diminishes as the 
tern perature i ncreases. 

The smaller the magnetizing force the greater the influ- 
ence of temperature upon the coefficient of magnetization* 

Taking these results in conjunction with equation (12$) 
we see, 

1. That when a magnetizable body moves in a magnetic 
field where the force is everywhere less than the critical 
value, its temperature will tend to fall when it moves from 
places of weak to places of strong magnetic force and vice 
vend. 

2. That when the body is placed in a magnetic field 
where the magnetic force is everywhere greater than the 
critical value, its temperature will rise when it moves from 
places of weak to places of strong magnetic force and vice 
versil. 

The coefficient of magnetization of nickel diminishes its 
the temperature increases, so that a piece of nickel will gel 
warmer when it moves from a weak to a strong part of the 
magnetic field. The coefficient of magnetization of cobalt 
on the other hand increases as the temperature increases, so 
that a piece of cobalt will cool m it moves from a weak to a 
strong part of the magnetic field. 
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ELECTROMOTIVE FORCES DUE TO DIFFERENCES 
OF TEMPERATURE, 

53, We nhali now go on to consider various cases in 
which inequalities of temperature in a substance give rise 
to electromotive forces. 

Sir William Thomson has shewn that when a current 
of electricity flows along an unequally heated bar it carries 
with it as it flows from a hot to a cold place either heat 
or cold : heat if the bar is made of brass or copper, cold 
if it is made of iron. Sir William Thomson expressed this 
result by saying that the specific heat of electricity in copper 
and brass is positive, since the electricity in this case carries 
heat with it just as if it were a real fluid possessing specific 
heat j the “ specific heat ” of electricity in iron on the other 
hand is said to be negative, since electricity in iron behaves 
with regard to heat in the opposite way to a fluid possessing 
specific heat. 

It follows from this result, by the consideration of the 
reciprocal relations, that electromotive forces must be de- 
veloped in any conductor the temperature of which is not 
uniform throughout We shall now endeavour to find what 
terms in the Xagmngian function these phenomena eorre* 
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spend to, or rather we shall shew that if there was a certain 
term in the Lagrangian function an unequally heated hotly 
would exhibit similar phenomena. 

Let us suppose that in the term 

JIM/? + 

which expresses the part of the kinetic energy of unit 
volume of the substance due to sensible heat, the coeffi- 
cients (uu) are functions of 

X (,r - /) •• 

where cr m <r v> <r w are quantities not explicitly involving 
/, & //, the (quantities of electricity which have passed 
through planes of unit area at right angles to the axes 
a*, j y, % respectively 

Let us write for the sake of brevity 

%("'/) + + &<*•*) *•■ 

Then, since f & h are controllable coordinate*! amt 
by hypothesis (tut) involves «, we may write 

J {(//«)«*+ ...) /(«) J \(uu)' i? 4 

where /(«) denotes some function of €, The coefficients 
(uu) f are supposed not to involve J\ g, A explicitly. 

By Hamilton’s prineiple any term in the Lagrangian 
function indicates the existence of effects which are the 
same as those which would be produced by electromotive 
forces parallel to the axes of &\ j>, s } and equal to the 
coefficients of Bf, BA which this term contributes when 
the variation of the Lagrangian function is taken. 

The term we are considering is, taking the whole 
volume, 

////(«) I {(««)' «*+■••} dxfyh. 
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When « is increased by &« the alteration in this term is 

4 j jj jSi/' (*) {(m)' «* + ...} JxJyJa (tab). 

Since 8« ~ («»¥) * (' r A') + ‘J s 0 r M) , 

we see that if we integrate (tab) by parts the terms 
in ¥ arc 


i jj<r x f («) {("«)' «*+•••} 

-4 («)1 + ••• II 8//.v<//A...(t 37). 

Since 4 /(«) {(«")'«* + •••} 


is proportional to the temperature, we may put 

4/(4) {<««)' «* + ...} (UK 

and then (127) may he written 

jj V.a» {$? »} vm*. 

So that by Hamilton's principle if X be the force per 
unit length which would produce the name effects m Urn 
term indicates 

y tr •*!/'(*) H6 \ 

A " <r '^vi/ ( 4 ) n- 

To take the simplest case let m suppose that /{«) m a 
linear function of «, so that 

f(t) a f />*, 

/(i) ^ f fa 

As is the alteration in the energy made by the 
electrification, it can only be a small quantity, to that we 
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my 


have approximately 


/'(«) >> 
A *) *’ 


and therefore 


a* iu * h 

or if if and a remain constant throughout the substance, 


’ e\ 


if ft d$ 
a tfx 




So that this term indicates the existence of an electromotive 
force parallel to a* and proportional to the rate of alteration 
of the temperature in that direction. If Kami / are the 
electromotive forces parallel to y and s respectively we 


have 


V 

X 


if ft s \ 

' {T V J 1 

• a <(y 
if ft M 

e* j 
it in 


The occurrence of 8/ in the surface integral shews that 
there in a discontinuity in the potential at the surface of \ 
separation of two media and that the potential in the first 
medium is higher than that in the second by 

(cr).-r),)». 

where the suffix attached to the bracket indicates the medium 
for which the value of the quantity inside the bracket is to 
be taken. 


54» Thermal effects of this term, bet m suppose 
that 8(2 is the quantity of heat that must be supplied to 
unit volume of the conductor to keep its temperature from 
changing when a quantity of electricity 8/ Hows through it, 
that is when / is increased by 8/» 


§ 


no 
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We see by equation (113) that 
Soothe increase in T H when /is increased by $f 

“ C ~ ^ ¥ by equations 127 and 1 29. 


If ft be the current parallel to x and 8/ the time it has 
♦been flowing 

¥ “¥ 

so that 8() - ^ ft 8/.. ...(130). 

If the current flows in the direction in which heat is 
flowing, that is from hot to cold, 8() will have the same sign 
as rr/, since (1 and u are necessarily positive. Hence if 
€tJ> is positive heat must he supplied to unit volume to keep 
the temperature constant when a current flows into it from 
a hotter place, that is a current from a hot to a cold place 
•carries cold with it, so that in this case the electricity 
behaves as if it had a negative specific heat. Hence is 
of the opposite sign to the specific, heat of electricity in the 
substance. 

We see from equation (130) that the electromotive 
force at any part of the circuit always tends to produce a 
current in the same direction as one which would cause a 1 
fall in temperature at this part of the circuit. 

If we produced a distribution of electricity throughout 
the volume of a body, some very peculiar results would 
follow if this term existed. 

Let us take the case of an isotropic body whose 
temperature is uniform, then we may suppose that <r %f ir >f 
<r M are each equal to <r and independent of x f 9, then 
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but if p be the volume density of the distribution of 
•electricity, 


dx 1 dv th 


h 


So that the energy in unit volume corresponding to the 
heat energy equals 

l {a - l><rp\ {(«»)'//*+...} 


and thus when wo alter the volume density of the electricity 
we alter the energy due to the heat and therefore the 
temperature. 

To calculate the amount and even the sign of this 
alteration in temperature we must observe that //... will he 
altered if we suddenly alter />. The case is quite analogous 
to that of a moving body the effective mass of which is 
suddenly increased, we may suppose, by the tightening of a 
string attached to another mass. In this case it is the 
momentum of the system and not its velocity which remain# 
constant 


If we express the term ( 1 3 r ) in terms of the momenta 
7/„ corresponding to the various coordinates u {% u t , we 

see, since 

dT 


dt\ ’ 


that it will be of the form 


where /(?',, denotes a quadratic function of r*,, i\ 

(&c., which does not involve p. As this expression is pro- 
portional to the temperature 0, we see that if p he suddenly 
increased by Bp, the increase BO in the temperature is given 


112 


DYNAMICS. 


by the equation 


BO hrBp 
0 a -top 




so that if hr is positive the temperature of the body is 
increased by communicating a charge of electricity to it, 
that is the electricity behaves like a body whose specific 
heat was negative. But we saw that hr was of the opposite 
sign to what Sir William Thomson has defined as the 
specific heat of electricity in the substance. Hence we 
see that the analogy between the behaviour of electricity 
and that of a fluid possessing either positive or negative 
specific heat can be extended to cover the case when 
a bodily charge of electricity is communicated to the 
body. 

We can shew however that if the charge of electricity be 
of the same order of magnitude as those which occur in 
electrostatic phenomena this heating effect must be ex* 
tremely small. For multiplying both sides of equation ( t,p) 
by fij we have 

(3B6 fihr * . . 

0 a ^ a PI mmmatt v* 


Now fihr/a is by equation (130) the “specific heat “ of 
electricity. The value of this for antimony at the tempera- 
ture 2 7°C. is (see Tail’s ffeat % p. 180) about to * * 300 
when the unit is r©~* of the k. m. f. of a Grove’s cell. Aft 
the k. m. f. of a Grove's cell is about a x to 8 in absolute 
measure the “specific heat" of electricity in antimony in 
absolute measure will be about 6000. 

We must now find a limiting value for Bp. Let 111 sup- 
pose that electricity is uniformly distributed through a sphere 
of radius r, then if p be the density of the electrical dutribu* 
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tion, A" the specific: inductive capacity, the force just outside 
the sphere is 

4 

3 K Tpr - 

Now the greatest value this can have in air is (see 
Everett's Units and Physical ('an slants* p. 142) almut 4 x t© ,4? , 
so that a limiting value of g will he given by 


Now 
so that 


3 A 

K 


m rrpr ■ ■; 4 x 1 1 


() x ro w 


ftiO 


„ approximately, 

9 x tor * 

Hence substituting this value of g for 8/», we get at the 
temperature 27“ C. 

300 x 6 x to’’ 

<) x to" X / 

2 

t o‘7* * 

Now ( 1 M is the meelmnieal equivalent of the heat 
available for changing the temperature, so that the* change 
in temperature will he of the order 


since 4*2 .* io ? is the mechanical equivalent of heat. 
Thus the change of temperature which can he produced in 
this way by any statical charge of electricity is infinitesimal. 

55, Thermoelectric effects of strain. If the 
quantity h in the expression for / (4) in a function of the 
strain in the wire along which the current is passing, then 
putting br 'J (*?), where e denotes a strain in the wire, we 

8 


T. IK 
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see by equation (128) that at each point of the wire there 
in the electromotive force 



acting along the wire, ds being an element of its length, 

Now if we have a closed circuit made of one metal, in 
which <r v may vary with the temperature and state of strain, 
then the integral of the expression taken round the eirruit 
will vanish if either 0 or e is constant all along the circuit 
but will not in general vanish if both 0 and r vary round tlse 
circuit So that we cannot produce currents in a win* 
whose temperature is constant by any variation in the strain, 
nor in a wire where the strain is constant by any variation 
in the temperature, while on the other hand we should 
expect to get currents if both the strain and the tempera’ 
ture were variable. All these results agree exactly with 
experiment, and hence we are led to conclude that b is a 
function of the strain. 

If this is so then communicating a volume distribution 
of electricity to an unequally heated rod must tend to strain 
it 

For let us suppose that the strain e is an extension of a 
wire, then if a be the displacement of a point along the 
wire 

da 

e ds' 

If a be increased by the coefficient of 8a in the 
change in the Lagrangian function is, when the medium k 
isotropic 

{«/'«^} m3) 

and therefore, by Hamilton's principle, the effects due to 
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this term are the same as would be produced by art externa! 
force equal per unit length to (133) tending to strain the 
wire. 

Thus when an unequally heated wire has electricity dis 
trilmted throughout the volume there will be stresses tending 
.to strain the wire. 

If we consider twist instead of elongation we can show in 
a similar way that an unequally heated wire will be twisted 
when electricity is distributed through it. 

56. Thu electromotive force in a thermoelectric circuit 
is generally calculated from the heat developed in various 
parts of the circuit by the passage of the current. The 
amount of knowledge of the electromotive force widt h we 
can derive from thermal considerations is however limited 
in a way which l think is generally overlooked. 

We see by $ 47 that when a coordinate x is increased 
by &v, the heat which must be supplied to the system 
to prevent its temperature from changing is given by the 
equation 




(IX 




where X is the force of type .v acting on the system, 

Now lot A" be an electromotive force in a thermoelectric 
circuit and »v a quantity of electricity, then we sec* by (1 14) 
that from considerations about the heat developed we cm* 
only derive information about the part of the electromotive 
force which depends upon temperature and cannot tell 
anything whatever about any other part. 

As a particular application of this principle we see that 
the Peltier effect can throw no light on the absolute differ- 
ence of potential between two different metals and hence 
there is nothing in the phenomena of thermoelectricity to 
force us to attribute the large difference in potential oh* 
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served by Volta between two different metals in eontau t 
to chemical action between them and the surrounding 
medium. 


57. Electromotive forces produced by inequal 
ities of temperature in a magnetic field, v. Kiting 
hausen and Nernst (Wiedemann’s Anmkn, xxx 1 737 am! 
760, 1887) have recently discovered an electromotive force 
due to inequalities in temperature which is very analogous 
to the Hall effect. They found that when heat is flowing 
across a thin plate made of a substance which can conduct 
electricity, electromotive forces are produced in the plate, if 
it is placed in a magnetic field. The direction of the elec- 
tromotive force is at right angles both to the magnetic force 
and to the direction in which the temperature is changing 
fastest. The magnitude of the electromotive force is pro 
portional to the product of the magnetic: force into the rate 
of increase of the temperature at right angles to the* lines of 
magnetic force*. 

This electromotive force is especially large in bismuth. 

If 0 represents the temperature, and a , fi y the c om 
ponents of magnetic force parallel to the axes of a, j\ $ 
respectively, the components of the electromotive force due 
to this effect will if the laws we have just quoted are true be 
given by the expressions 


* 
Q | 


7 4’ 
s 

dz 


m 


<->{ c 


fi“ 


dth 

- ? 4 ’ 

i/a \ 


m 


where Q is a quantity which lias very different values in 
different substances. The results of Nernst 's determinations 
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of thi« quantity (Wictl. .-/////. xxxi. 775), arc given in the 
.following table 

<* 

bismuth * 1 j ,» 

Antimony *00887 

Nickel 'u <86 1 

Cobalt •on r u*j 

Iron ». *00156 

Steel i ‘000706 

Copper 1 *000000 

Zinc * *0000154 

Silver » ‘000046 

We shall now proceed to see what term in the Lagran 
gian func tion would give rise to fours of this kind, 

Let us consider the term 

!‘0<* ' j v \0 M y/)| 

' ,/ I */»*»/«, 

where / ,c. h are tin* of the electric displace 

ment parallel to the axes of a , y, i respectively. 

The variation of this term when / is increased l»y K/ i% 

[[ V Q Q (ft* 1 l ,n ) lj I yO (ft y </\ t/v 

where /, ///, n are the direetion cosines drawn outwards of 
the normal to the surlare enclosing the volume through 
which the integrals are extended. 

I! y Hamilton’s principle the term in the surface integral 
indicates that if we draw any circuit in the field then when 
this circuit crosses the boundary ut two media there is an 
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electromotive force who.se components parallel to the axes 
of j\ £ are respectively 
6\n [QA 

0\/ {^y.-tty,} “ KVb ■ kWi\ 

«kKVv / KV** CVhM* 

where corresponding quantities in the media (i) ami (j) are 
indicated by affixing the sutlixen t and 2 respectively to the 
symbol representing the quantity, and 4 w, n are the direc- 
tion cosines of the normal drawn from medium (4) to 
medium (r). 

By the same principle the terms in the volume integral 
indicate the existence of an electromotive force throughout 
the body whose components per unit length parallel to the 
axes of x f j', s are 



( do 
<*dy 

n d(h 

Q\ 


Q{ 

f do 

dO\ 

e dz ” 



r d() 

dO\ 

(m 

J*d.v 

dv) 


these are the expressions for the components of the electro* 
motive force discovered by v. Kttinghausen and Nernst. 

These forces do not satisfy the solenoidal condition ; they 
will therefore produce a distribution of electricity throughout 
the substance whose volume density p is given by the equa* 
tion 


P 


k r d 

47 r \jlx 



where K is the specific inductive capacity of the substance, 
thus, 
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AVW/'ifi _<M ,tn,,ty (/tt v l/flfi/u t , { 
or neglecting ()“ 

where //, ?■, ?«•» are the < t»mj»«*ncn! ■. of the etnmit, 

S«- Thermal phenomena arising front thin term. 

Wenm sev by equation (it.,) that «// the heat .e,|une«t In 
U,,t VH,umc .“* Invent the tempe.atme Iron, 'hanemr 
whet, a <|»nm,ly ofeleetrieity «/ ,, ttv.es through it ptrailH ,u 
the axis of , v is given by the equation 

(that [tan at the eleetmtiinUvc three with h 
arises from the part of the em-tyv 
sjHinthnj' tu the sensible heat) $/ ■ 
thu« the part o nil whirl, arises from this is ’ jven , t> . 

s " 

■* 

"yK <>yi, 

or. it u r, fti are the eompuiteiits at etttrem parallel to the 

axes of v, .r, s resp, •. lively anti Bf the time the tlKpInmnem 
takes, then sinre 


we have 


*x ; U n>&. 


t,8/ [,, f'' 1 4 j'r It" •"•■l ' j[ I (1.15), 
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If X } V, Z are the mechanical forces acting on unit 
volume of the conductor arising from the action of the 
magnetic field on the currents flowing through the volume 

X ulyr M 

V ft |u«v y//} 

/ fi j fit* - a/*}, 


where fi is the magnetic permeability, combining these 
equations with (135) we see that 

8 // - ‘ («/ ( a * f * V 'f 1 /‘f\ . 

/* ( </' //)• ,h\ 


So that if the action of the mechanical force on the 
current tends to make the substance conveying the current 
move in the direction in which heat is (lowing, then when 
Q is negative, heat must he abstracted from the substance to 
keep its temperature constant when currents of electricity 
flow through it. And the heat which lias to he supplied m 
unit time to unit volume to prevent the temperature from 
changing is given by the equation 


8// 1 Q J resultant mechanical force on 

unit volume * flow of heat * 
cosine of the angle between 
these two quantities}, 

Heating effects in a magnetic field have been detected 
by v. Kttinghausen (Wiedemann's Ah tut fat, xxx, pp, 737 
760, 1887). 

59* Magnetic effects of this term* If we apply to 
the term 

III 6 [<L { Q ^ " lih) i + !fy f C M “ V)} * ' t f I Q (IV <«}}] 

dxdydz 


M.Vt.M ,| !« I 1 i I » I 1 '* 

the same method as the «»»«■ *h‘> h m t t S 1 '■ 

the term i um-s|i»»n«li»ig »« Hair* » !i " *• ,Js * 3! 1, '* < v 

involves the e\e»teme ,tt a point i. n. i "?««<• 'too- A,r »-• 
eleetrie<lisptairment>o» a iiMgiM-m l**»« *• «ho 5 e ■ •*«.). (s.-id! 
parallel It) the .ive . of a, », S -or O'-’pr. U\ « I) 

A A A 
'it ’ A * ’ 


iJ/‘» 


'A- A * ./ • ( /•« r > j * 

j/i t/.|- | i/i 4 : */> f 

/A A i ' 


JtJt.fi, 


where r is the r !«-i»rrn the p<'-nts *. *, . and 

I. V, C 

If »/, t is .t .it tthuh their n .<■! «•!. . «tss 

placement, then as lietote the « untpotirut* ««t the iu.i,;i«f(i- 
force parallel to •». r, ? trip* (lively ,»ir 


A 

A 

'M*;: 

./Cl 

A 

A 


i ^ i 

' Ji 1 

A 

A 

7 ‘A* 

a j 

/ - 1 
U \ 


We see that the equation 


A Jfi 


is no longer true, hut that now 


A ./£ 


4tr hff ( A A\ ,// ,/« ,// ,/!» 
3 l(/£w| ,f,j ,!i } Ji J( Jt) A 


Jr ,m Jt jh \ 

./<) A Ji Jit 

•ft 'ft* 
A Jt 
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It follows from equation (136) that it" dielectrics an well 
as conductors exhibit the phenomenon discovered by v. 
Ettinghausen and Nernst then a steady electric displacement 
through a heated dielectric may produce magnetic forces 
A numerical calculation similar to that in i 43 will show 
however that these forces art? exceedingly small. 


60. Thermal e fleets accompanying changes 
in magnetization, arising from this term. Since 
the magnetic forces expressed by equation (136) arise from 
that part of the kinetie energy which corresponds to the 
sensible heat, changes in the intensity of magnetization 
must by equation (114) be accompanied by reversible 
thermal effects. If the intensities parallel to the axes of 
x y y , z be increased by 8//, 8 /i % 8b* respectively, then by 
equation (114) 8// the mechanical equivalent of the heat 
which must be supplied to unit volume to prevent its 
temperature from changing is given by the equation 


8/1 




6 1. Rotation of the plane of polarization pro- 
duced by the flow of heat. Rowland has shown that 
if HalFs effect exists in dielectrics, then, according to Max 
well’s Bketromagndk Thmy tf Light, the plane of polariza- 
tion of plane polarized light will be rotated wheat the 
dielectric through which the light is passing is placed in 
a magnetic field the lines of force of which are more nr 
less parallel to the direction of propagation of the light. 
We shall now proceed to investigate whether the existence 
of v. Ettinghausen^ and Nernst’s phenomenon will produce 
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a rotation of the piano of polarization when a ray of piano 
polarized light passes through a dielec tric through which 
heat is (lowing. 

Let us suppose that we have a circularly polarized ray 
of light travelling parallel to the axis of 3 through a 
dielectric in which there is a uniform (low of heat also 
parallel to •$. 

Let J and g he the electric displacements parallel to 
the axes of .v ami y respectively, /-‘and O' tin* components 
of the vector potential parallel to x anti y respectively, 
and X and V the components of the electromotive force 
parallel to these axes, then since d(ljdx\ dOxfy both vanish 


A* 


dF 

dt 




dO 

ih ' 


Y 


t/O* 

dt 


Qa 


dU t 

d, ' 


where a and /i tire the components of the magucth fort 1 
parallel to x and v respectively. 

Hence if F he the specific inductive capacity 


4* 

X 


J 


4w 

K 


X 


dF 

dt 

da 

dt 


(Vi 


do » 
dt | 



Differentiating the first of these equations with respect 
to t we get 


4ir df 
K dt 


d'F n d(id0 
dt* k dt d . 


(LIT) 


but in a dielectric 


df d*F 

w ,// " ,/e ' ' 
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n dl)dtt 
k dt ds' 

if we neglect (f we may put 

d/i d'F 
,l dt d/di ' 

where fi is the magnetic perineahility of the dielectric. 
Substituting these values in equation (t j?) we get 
i d'F d'F (> dt) d'F 

jiA’d? df‘ ' f t didUti " 

For a circularly polarized ray wc may put 




F A sin {vt - «) 
A 

G - A cos ,r (vt - s) 

A 


(* 39 ). 


■where Fis the velocity of the light, a ml A its wave length. 
Substituting this value for F in equation ( t gK) we get 
t , <> 

r — , A 

fi A /a (f'% 

and thus the velocity of the my is greater than if the 
temperature had been uniform by 

1 (> M 

2 /A ih 

The velocity of propagation of a ray circularly polarized 
in the opposite sense will also be increased by the same 
amount. So that regarding a plane polarized ray as made 
up of two rays circularly polarized in opposite senses we 
see that when such a ray passes through a medium in which 
there is a steady flow of heat, the plane of rotation will 
not be rotated, but the velocity will be increased by 

1 Qd6 

2 /A (fa* 
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Thu.s even if we had a transparent substance fur which 
Q was as great tin for bismuth, vk u j and a fall of tempt* 
rat ure of ioo*‘C, per millimetre, the change in the velocity 
would only amount U> 

k X * t J H |u ‘ 

or 65, 

this change is only al amt vj * t 0 * per cent, of the velority 
of light, and violet light would have to traverse about 
20,000 e,m, to gain or lost* n wave length. This effect 
therefore is murh loo small to bcMleteeted experimentally. 

We saw by equation (rjfd that when electric displace’ 
meats take place in a field in wliicb the temperature k not 
uniform, heat is absorbed or rvnlvrd, so that we should 
expect thermal eliangrH to arcoutjjatiy the propagation of a 
ray of light through a medium the temperature of which 
was not uniform, 

By equation (1 45) the heat iv// which must be supplied 
in unit time to unit volume oft lie medium to prevent the 
temperature changing, is if the limit is flowing along the 
axis of s, given by the equation 

s// e^kc ///}. 

Let uh take the mine of a plane polarized ray for which 
approximately 

./ ,7 «w"crf -s) 

a 0 

[i 4 wvA vm ** (rf * ;), 

K 
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thus 


„ ,, 8irV . .•/ J tH> 2 tr 


)Mii A {;•/ 


So that the propagation of light along an unequally 
heated medium would if this theory is rt*im t he accom- 
panied by periodic emission and absorption of heat* analogous 
to that which accompanies the propagation of sound according 
to Laplace’s theory. According to Maxwell twtf 

Magnetism^ VoL it. p. 402) the maximum value tit /l for 
strong sunlight is ‘193 ho that 

4 vfst # *W* 

and therefore 

MW *02, 

let us take X as 3*9 x to 1 the wave length of the violet ray 
// in air 

lv ,, ,, iiO 2ff , . •. . , . , 

hJI *a 5 X I O’* X (3 >: ^ COS ^ (.7 -?) MU (/*/ - $). 


If Q were as large as it is for bismuth, he, ’tja, and 
there was a fall of too 0 C. in one centimetre* then the 
maximum amount of heat absorbed or emitted would be 


this would correspond to rluuiges of temperature of not 
more than one ten thousandth (if a degree centigrade, if 
the specific heat of the substance were as great as that of 
water. 


62. Longitudinal effect, v\ Kttinghattsen and 
Ernst found that in addition to the transversal electromotive 
force there was a longitudinal one along the lines of flow of 
the heat, which was not reversed when the magnetizing force 
was reversed, and which was proportional to the square 
of the magnetizing force as long as this was small This 


r 
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shows that the quantity tr whirh we considered when we were 
discussing the Thomson effect in 8 51 in a function of the 
square of the magnetic force. If we consider the effect of 
this term magnetically we shall see that it indicates that the 
magnetic permeability of a magnet will he affected by the 
proximity of a eomluetor throughout which electricity h 
distributed. 


63, it is interesting, because suggestive of new physical 
phenomena, to truce the consequence of the existence in the 
Lagnmgian function of terms, which are symmetrical tune- 
dons of j\ fa //, a, //, y and their differential coefficients, 
such as terms proportional to 


/« 1 h* 



ft fH dy\ (<(k (*ty tia\ (M #//\ 

\ th tiy) \th tty) v/v t /§/ v/v </•*/ 

ft/a JffX fi/f tf$\ 

* 1 \t/y tlx ) v/r tfx) ' 

The reader however who is interested in this will have 
no difficulty in tracing the consequences of these terms by 
the methods already given. 



CHAPTER VHP 

on ** KKsn*c At.*’ hvnrts, 

64, '\'um i*‘ are a great many cases in who h the apph 

cation of forces it) a body seems to produce a change to 
it, from which it does nut recover for some time aftet the 
forces have been removed. 

dims, for example, if we keep a metal wire or ghee* 
fibre twisted for some time, a will not when the twisting 
ample is removed at once vibrate symmetrically about its 
original position of equilibrium, bnt will tea illate about a 
new zero which gradually approaches tin* old one, the 
maximum difference between the temporary ami the true 
zero and the time which elapses before these t turn nle 
increasing within certain limits with the duration of the 
original twisting couple. 

Phenomena of this kind are called in Herman treatises 
“ elastiche uaehwirkungA This peeitliar effect of torsion 
does not seem to have received a name m this country, 
but the analogous cases in electricity and magnetism ate 
called respectively “residual charge" and “ residual mag 
netism/ 1 Thin latter effect is only partly analogous to that 
of the twisted wire, ns they differ in one very important 
respect, that of permanence. In the case of the twisted 
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wire the effect of the previous torsion will disappear if 
time be given to it, but soft iron if kept free from dis- 
turbance seems to be able It* retain its magnetism for any 
length of time. 

We shall now endeavour to find a dynamical analogue 
to the ease of the twisted wire. Let us suppose that we 
have a frietionleNS machine whose configuration is fixed 
by one coordinate ,v and that this is connected with another 
machine fixed by tlu* coordinate \\ the motion of this 
machine being resisted by a frictional force proportional 
to the velocity. We shall .suppose at first that the mass of 
the second machine is so small that its inertia may be 
neglected, and that the connexion between the two machines 
is expressed by the existence in their Lagrangian function 
of a term / (.vr) which involves both .v and v, but not their 
differential coefficients with respect to the time. Then if 
the fort e A' acting on the first machine is the only external 
force acting on the system, the equations of motion will be 
of the form 

■I h M-v - f ix f(\y) A* ( 1 40), 

i\ l( • <>y i /(■»:»') » ( * 4 * )• 

If a* and y are small we may put 

X /(•*:>') » &, 

/(w) ft* • w 

where «, /$» y are constants. 

Making these substitutions we have 

T. Ih t) 


* 
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A —5 + (/jl — a) x fiy ~ X (142), 


b 


dy 

dt 


+ (a — y)y — fix = o 


(143)- 


The solution of (143) is 

y3 n 


■'-if. 

is value of 

.tx . , / 3 3 r* 

A Tt + ^- a)x -~b ! 0 


* ( xdf. 


. (144), 


substituting this value of y in equation (*42) we get 

* xdt^X... ( 145 )* 


We see by this equation that the effect on the first system* 
of its connexion with the second is to make the forces called 
into play at any time by the displacement of the system 
from its position of equilibrium depend not merely upon the 
displacement of the system at that time but also upon the 
previous displacements, and that a displacement x lasting for 
a short time r produces after a time T a force rxij/ (Ty 
where 


B 3 

*<*> t * 


_ (try) 


Neesen (“Elastiche Nachwirkung bei Torsion,” Berlin 
Mo?mtsberichte , Feb. 12, 1874, p. 141) has shown that the 
assumption that \J/ (T) is proportional to C kT agrees with bin 
experiments on the twisting of wires. Boltzmann (Site, der 
k. Akad. zu Wien , 70, p. 275, 1874) works out a theory 
where if/ (T) is proportional to 1 IT. 

In many cases we are given the forces at the time /' and 
not the displacement, and in these, equation (145) is not 
convenient. If as is generally the case the motion is so slow 
that we may neglect the effects of inertia, then we have 
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so that 


!• ‘j f » (<» y) ,»• /#■* 
Q< II } i ~/!v r X, 


,/f 




and therefore 


where 


/I 

/« — a 


V, 


ft 

/* i/4 «) 


/: 


« <«' V.//' 


1/ y 
/’ /<(/< «)* 


and thus when the external lim e is removed 


//» 

/'(/' "f /. 




1 1 the primary uuu hine had heett < onuei led with several 
serondaries instead of with only one, we should have, if the 
displacements are given 

(•> w, 


/:■{ 


S; • f 

*(/* *) 


nv n 




and if the forees are given 


v / ' A'S I ^ o Ht n\ ,/(' 

J, wu* «r I 

S« 4, j wXt* , 'i//’ ,,(1.(0), 


where « in written tor /iV* (/*-«)*, and die Mtttn taken 
tor all the secondary system*, dins is the general efcjuvsMcm 
tor the residual cifei t in terms of the tun es action mt the 
system when it w*m under ronatraiM, 

If we cannot neglec t the inertia ot the set on* laiy system 
we must introduce the term Jhtydt* into eijuatiou (t,y| %n 
that that equation become?* 
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tPy 

,/t* 



+(a-y)y fix, 


of which the solution corresponding to (144) is 


7 i (A, - A a 


f'l&i > A') «M' 


where A, anti \ are the roots of the e« [tuition 


/ik* b/>k » rf-y O. 

Tims the introduction of inertia into the secondary 
system does not change the form of the solution, it only 
introduces fresh terms of the same type as those which 
previously existed, and the general solution is of the form 


x ['*{** 
Jo 

1* 2U A/ jf 


where r is a constant which depends on the constitution of 
the secondary system hut not upon x. 'This is the general 
expression for the residual effect in terms of the initial 
displacements. 


65. In those cases in which residual effects occur we 
may suppose that the secondary systems which are affected 
by the changes in the primary are the molecules of the body 
which is the seat of the phenomenon or a portion of such 
molecules. For example in the case of the residual charge 
of the Leyden jar we may look upon the electrical system 
as the primary system and the system consisting of the 
molecules of the glass as the secondary system, and may 
suppose that during the actions of the electromotive force 
on the glass, the arrangement of the molecules of the glass 
suffers gradual changes which react upon the electric dis- 
placement. 


MAXWELL ON THE “ CONSTITUTION of lint MEN." tjj 

The following extract from < llerk-Maxwell's article on 
the “Constitution of Bodies 0 in the Kmyi'fojHrrfht thi tomtit a 
is most instructive on this point. 

“We know that the molecules of all Bodies are in motion. 
In gases and liquids the motion is mu ll that there is nothing 
to prevent any molecule from passing from any part of the 
mass to any other part; But in solids we must suppose that 
some, at least, of the molecules merely oscillate about a 
certain mean position, so that if we consider a certain group 
of molecules, its configuration is never very different from a 
certain stable configuration about which it oscillates, 

"Thin will be the case even when the solid is in a state of 
strain provided the amplitude of the oscillations does not 
exceed a certain limit. But if it exceeds this limit the group 
does not tend to return to its former configuration hut 
Begins to oscillate about a new configuration of stability, 
the strain in which is either zero or at least less than in the 
original configuration, 

“The condition of this Breaking up of a configuration 
must depend partly on the amplitude of the oscillations and 
partly on the amount of strain in the original configuration ; 
and we may suppose that different groups of molecules, 
even in a homogeneous solid, are not in similar eir« umstanees 
in this respect. 

“Thus vve may suppose that in a certain number of 
groups the ordinary agitation of the molecules is liable to 
accumulate so much that every now and then the configura- 
tion of one of the groups breaks up, and thin whether 
it is in a state of strain or not. We may in this case assume 
that in every second a certain proportion of these group* 
break up and assume configurations cot responding to a 
strain uniform in all directions. 
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“ If all the groups were of this kind, the medium would 
be a viscous fluid 

“ But we nmysuppo.se that there are other groups, the 
configuration of which is so stable that they will not break 
up under the ordinary agitation of the molecules unless the 
average strain exceeds a certain limit, and this limit may be 
different for different systems of these groups* 

“Now if such groups of greater stability are disseminated 
through tile substance in such abundance as to build up a 
solid framework, the substance will be a solid winch will 
not be permanently deformed except by a stress greater 
than a certain given stress. 

“ But if the solid also contains groups of smaller stability 
and also groups of the first kind which break up of them 
selves, then when a strain is applied the resistance to it will 
gradually diminish as the groups of the first kind break up, 
and this will go on till the stress is reduced to that due to 
the more permanent groups. If the body is now left to 
itself, it will not at once return to its original form but will 
only do so when the groups of the first kind have broken up 
so often as to get bark to their original state of strain. 

“ This view of the constitution of a solid, as consisting of 
groups of molecules some of which are in different dreum* 
stances from others, also helps to explain the state of the 
solid after a permanent deformation has been given to it. 
In this case some of the less stable groups have broken up 
and assumed new configurations, but it is possible that others 
more stable may retain their original configurations, m that 
the form of the body is determined by the equilibrium 
between these two sets of groups • but if on account of rise 
of temperature, increase of moisture, violent vibration, or 
any other cause, the breaking up of the less stable groups m 
facilitated, the more stable groups may again assert their sway 
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a n(l tend to restore the body to the shape it had before its 
deformation." 

66. Let us now apply equation (146) Pi a definite ease. 
Let us suppose that the foree A”, arts on the system from 
/ o to t •/; and that from ( 7 \ to t T t , the foree \\ 

acts, then we have by equation (146) 

a — w j t '* t( / ' 1 Xt/r' 

nit '•'’j j * 4 ' A',*// - J 1 | 

‘ ■■"I{a' i (** / '-«) - «* / ») | ...(147). 

If the primary system is connected with several seconda- 
ries instead of one then we have 

.r *<' '* * *') 

Xfi™ j* *<' Lf- « * ' 

We see from equation (147) that if we have only one 
secondary >v will never change sign, hut that the? system will 
return slowly to its position of equilibrium and never get 
beyond it whatever may have hern its previous history, We 
know however that tit the ease of residual torsion of glass 
fibres and the residual ehatge of a Leyden jar the residual 
effects may he made to change sign, dims if we give a fibre 
a strong twist in the positive direction for some t onsid* table 
time and then a twist in the negative direction for a short 
time, the residual n union after the twisting temple in taken 
off may he first in the negative and then in the positive 
direction. This is sometimes ex| tressed by saying that the 
residual charges route out in the inverse order to that in 
which they went in. 



DYNAMICS. 


136 

If there are only two values of k t and /* g , then since 
X ® € " = V j wAV’^V//' ; 4 * € £ wAV^f/A ..... (t 49) 
and since after the external force is removed 

j 

Jtt 

is not a function of /, we see that the sign of the residual 
effect can only change once however complicated the 
alternations in the signs of the twists or electrifieatioiw 
previously applied to the system may have been. 

Dr John Hopkinson represented the residual charge of 
a Leyden jar by a formula of the same type as (149) (see 
Chrystal’s art. Electricity, Encychp<rdht Ihihnnm* p» 40) 
and he showed that for the formula to agree with Ida 
experiments on the residual charge in glass it was necessary 
to take more than two values of X\ Now when we included 
the effects of the inertia of the secondary system we got two, 
but only two values of k for each secondary, so that m we 
have to introduce more terms than two to represent the 
residual effect in glass we must have more than one sec ond 
ary system. This is an indication that glass is not a homo 
geneous substance but a mixture of different silicates. 

According to Neesen (lor. cit.) the residual effects of 
torsion in silk and guttapercha fibres can be represented 
by a single term of the form te K 

67, We shall now investigate another effect due to the 
same cause as the residual effect but of a different kind. 
This is the effect of the secondary system on the way in 
which the free vibrations of the primary die away. 

Using the same notation as before and neglecting the 
inertia of the secondary system we have for the free vibra 
tions the equation 
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4^p+(n~ a )x = Py 


,6J ( + (a-y) y = Px, 
d? 3C 

or say A ~df + y!x = fiy 

if i+ a'y = (3x, 

eliminating y we have 

(* i + a ) ( A 2 ? ' + J) x = ^ x • (IS ° ) ‘ 

As this is a linear equation let us assume that x varies 
as e&j then p is given by the equation 

. (bp + a!) (Ap a + tx') = p 2 , 

The right hand side of this equation is small, and if the 
residual effect does not produce a large change in the period 
of vibration we may on the right hand side of the equation 
substitute for p its value when there is no secondary system, 
i.e. ifalA}^ and for a ! , a ; making these substitutions we have 

... , P J?{a-ib{i,lA)S 

P “* + b ^ A ’ 

nr S F {a- a 

° P ~ A A a* + ffiA ’ 

or ,-rf^r T 

P \ A j fj-' or + try. /A J 

So that if ft 2 be small 

approximately. 


Ap 2 + fi' = - 


approximately. 


And thus the real part of / h approximately 


h 


bft‘ 


(‘SO. 


.-/<»' + ^ ’ 

the amplitude of the vibrations of x are thus given by the 
expression 

rx '( 

where exp (x) & e\ 

So that the ratio of the amplitudes of two successive 
swings in 

'•*( Ku'l^ T ) 

where T is the time of a complete oscillation, and is 
given by the equation, 

T 2w \Alnfi approximately. 

Substituting this value of T in (151) we got for the ratio 
of the two amplitudes the expression 

, V J wbff.A 

.•/«»* 1 

Now if the motion of ,v were resisted by a fric tional 
force proportional to the velocity, the equation for .v would 
be 

4 tPx , tlx 
A iff 1 ' X ,K ' /U ' 
the solution of which is 

* CV "''“!G .ut')‘ / 1 ’ 

where C and « are constants. 

The ratio of the amplitudes of two successive swings 
in this case is 


)• 


lii'.fMwi im<r 


i $".# 


or approximately 



When the tle*T«\r»r in the amp-in 
connexion with the net iiiuUtf *y*um, 
nuceossivt? amplitudes v* 



w$*iU V 
Jo* » t*r ! 


Ac 

ihi- 


f * * , 


, | i m 


go that the logarithms dr* foment *lio« th«- e<‘ ' 5 

frictional vatic* an 


a 4 ' 

when it, is due to the setumhoy *»y*«rm a ut, 


,.A r ( ~V 


a ! . 


Hence we nee that if the iimm *4 tho tiihtatmjf • * 
altered, the variation of the logatohmi* dc* tr m^m i>« 

less in this cane tlun it would it thr *!«*« .«) 0i«- 4a** < • 

were due to fiubori, Th** jgnt? wots o». K-ndu <4 
William Thomsons rAprtitiirftl-i utt the 4» * .* * <4 %'hf m* 
sioiuil vibrations of wire, *»•» he hmod ib-O *W 3.<-*s *«** 
greater with the lunger pro oth that* tho * *S» 
cording to the law of s<jttaie immO Iimio in 4 ss*mhs*» %%% 
experiment with shot ter pnm*h, In la* I if »*-?*•.• m’iU'h 
smaller than /«AV thr wir «-» ,ln 4, i«- 

instead of tUminkM by imtrastn*? i| w .„*«*, »s 

thu rate ctf ilmty has its 1114*1111001 %,»| M r *»!.<■». I f *„~' 
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SCALAR PUKNOM KM A, 

68. So for we have born dealing with phenomena in 
which as in ordinary dynamics the quantities concerned 
were mainly of a vector character. We shall now how 
ever go on to consider phenomena when the quantifies 
we have to deal with are chiefly scalar, such as the 
phenomena of evaporation, dissociation, chemical combi 
nation, etc, where’ the quantities which have to be considered 
are such things as temperature, vapour density, or the ntmt 
her of molecules in a parti* utar state. The chief difference 
between these cases and those we have been considering is 
that in these we have as in the kinetic theory of gases to 
deal chiefly with the average values of certain quantities and 
cannot attempt to follow the variations of the individual 
members which make up the average, while in the previous 
canes we have been able to follow in all detail the changes 
in most of the quantities introduced. In these new 
cases all that we can get by the application of the Hamil- 
tonian principle are relations between the averages of a. series, 
of quantities ; as however these averages are all that we atn 
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observe In these eases, this limitation is net serious from a 
practical point of view. 

The relations we shall dedtu e are those whit h exist 
when the hotly is in a steady state. 

Chj, The systems we shall have it* consider are portions 
of matter in the solid, liquid or gaseous state, anti « oir*ixi, 
according to the moleeular theory of bodies, til a very large 
number of secondary systems or molecules, Now we ran 
control a primary system in many ways, we ran ti\ its geo 
metrical position, we can within certain limits strain it in any 
way we please, we may establish electric on rents or eleetrie 
displacements through it, and if the body is magnetic we 
can magnetize it within the limits of saturation : so that the 
coordinates Iking the geometrical, the strain, the electric 
ami the magnetic configurations are under our control ami 
have therefore been called (§ 4 6) controllable coordinates, 

The coordinates fixing the positions of the several 
secondary systems are not however within out control and 
we have not the power of altering any one of them ; wr 
have called these uneonstmiimble coordinates. 

70. When we say that a system consisting of a great 
number of molecules is in a steady state we mean that the 
state is steady with respect to the controllable coordinates 
and make no supposition as to whether it is so or not with 
respect to the uneonstmiimble ones, all that we shall assume 
is that the mean values which we can observe and which / 
depend upon the urn onstminable coordinate* are sternly, / 

'Hms when the system in in a steady state the velocity of 
each controllable coordinate must be constant, amt if the 
coordinate enters explicitly into the expression lor either 
the kinetic or potential energy, that is if the coordinate is 
not a 11 kinoxtlwmie 11 or speed one, the velocity must vanish, 
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7*. We shall now proceed to prove that when a system 
consisting of a great number of molecules is in a steady state 
the mean value of the Lagrangian function has a stationary 
value so long as the velocities of the controllable coordinates 
are not altered. 

Let us denote the controllable speed coordinates by the 
symbol </,, the controllable positional coordinates by t / 4 and 
the unconstrainable coordinates by then we have by the 
Calculus of Variation 


* /«,' L s C* v ‘)<, 1 * C«, 1 * L 4. 


Remembering Lagrange's liquations we see that this 
equation reduces to 


8 /, 



dt t S 



Let us suppose that the symbol of variation refers to a 
disturbed motion in which the values of the controllable 
coordinates are slightly altered while the velocities of the 
speed coordinates remain unaltered and constant during the 
disturbed as well as the undisturbed motion. 


We shall for the sake of greater dearness consider the 
three terms on the right hand side of equation (154) 
separately, as the considerations which apply to them are 
different in each case, 


72, Let im first take the term 


f '»#//, 

J in <ft) i 


f*/ t 
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Siiux* we suppose thiit in till* disturbed motion tin* wdorilies 
of the speed t ourdmates are unaltered ry, u always zero, 
and thus tin* turn we are ronxidermg vanishes, 


7J* We shall now show that the turn 

! « '// . 

* A, **< 

L ^4 


abo vanishes, Sitae is not a speed eootdin ale it mmi 
enter expliehly into the expression /, so that when the 
motion in steady the veto* then ol * ootdmate » of the* i lee* 
vanish. The trims in / whit h umtain the velounex of 
positional eoutdinatrs always vanish when the motion is 
steady. 'They do not therefore toiunhute anything to the 
mean value of /» and so we may without lov* ot generality 
suppose that the eoeftn tents of terms in the fcinrtu energy 
involving the vrlor ities of positional t ooidmatex air all zero 

and that therefore may lie put equal to zero, In tins 

*N% 

way we may see that the terms we ate eomaderiog in the 
expression ior the variation of the mean value of the la 
gnmgian funettnu vanish. 


74, 4*o show that the terms 


Jl 




vanish we must use the reasoning given hy t datums in \m 
paper “On the Setotul Axiom of the Mnhaouaf lltrnry of 
Heat,” PkiL hoi, p, u/K, 

l,et uh in the first plane « mushier what the coordinate* 
denoted hy t/ A arts They ate looidiuates fixing the 
position of the moteeutrs of the system and may lie 





divided into two classes : firstly, coordinates fixing the* 
position of the centres of mass of the molecules, ami 
secondly, coordinates fixing the position of the molecules 
relatively to their centres of mass. The motion of the latter 
coordinates will he periodic, while that of the former will not 
he so ; in consequence however of the frequent collmions 
between the molecules their direction of motion will tic 
continually reversed* so that if the position of a molecule tic 
arbitrarily changed the distance between the disturbed and 
the undisturbed positions will not increase indefinitely with 
the time, the difference wilt sometimes be positive, some 
times negative, but will fluctuate between limits winch do 
not increase with the time. 11ms if </* in a coordinate of 
this kind 



will fluctuate between positive and negative values which do 
not increase with the interval 


The same reasoning will apply with still greater force to 
those coordinates which fix the configuration of a molecule 
relatively to its centre of mass, for these coordinates will 
oscillate and therefore the part of 



depending upon these coordinates will fluctuate between 
limits which do not increase us the time /, /„ increases. 

Now any change which we have the power to produce 
in any of the coordinates fixing the system wilt, since the 
motion is steady, produce a change in each term of 
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which will increase proportionately to the increase in the 
interval t l — t Q : and thus if we integrate over a sufficiently 
long interval we may neglect any terms on the right hand 
side of equation (152) which fluctuate between fixed values 
and therefore as far as coordinates of the kind q 2 are 
concerned put 

8 \ h Ldt= o, 
it 0 

when the interval t x - / 0 is sufficiently long. 

We have seen however that this is also true as far as the 
variations of the other coordinates q 19 q Q are concerned, 
so that when the motion is steady we have 

s (^)=° (153), 

where L denotes the mean value of L taken over unit time, 
e.g. one second, and where the variations are such as could 
be produced by slightly altering the values of the coordi- 
nates. We may conclude that one second is a sufficiently 
long interval over which to integrate since according to the 
molecular theory of gases there are both a great many 
collisions and a great many vibrations in this period. 

75. In the above investigation we have supposed 
that the Lagrangian function L is expressed in terms 
of the velocities of the coordinates and the proof is only 
valid when it is so expressed and does not hold when the 
velocities corresponding to some coordinates are elimi- 
nated and the momenta corresponding to them introduced 
instead. 

We can prove however in this case that the modified 
Lagrangian function (§ 11) is stationary when the system is 
in a state of steady motion. 

For let L' be the modified Lagrangian function and q a 


T % D. 


IO 



DYNAMICS. 


146 


coordinate whose velocity has not been eliminated, then // 
is a function of </, //... and the momenta corresponding to 
the other coordinates, anil since 
i it: it: 

. # Q 

at dtf dij 

we have by the Calculus of Variations 


s ['tun 
Jt iX 


t" >/</ 


I At Jt „ « 


W/,' 
//' 


8/, //...( 1 54), 


where / is the momentum corresponding to one of the 
eliminated coordinates. We can prove exactly as before 
that the right hand side of equation (154) vanishes for all 
variations in which the momenta corresponding to the 
eliminated coordinates remain unaltered. 

Thus we have in all eases an equation of the form 


#/. o f 


where L is the mean value of the ordinary Lagranglan 
function or its modified form according as it dues not or 
does contain the momenta eorrespnmiing to some of the 
coordinates. 


76. In the physical applications of this principle it 
would sometimes be difficult to tell whether a symbol 
occurring in L represented a momentum or a velocity. 
Fortunately however this knowledge is unnecessary if we 
calculate the Dagrangian function from the forces required 
to preserve equilibrium. For when the system is in a 
steady state, X the force of type ,v which must be applied 
to maintain equilibrium is given by 
r " dL 
A ~ ix' 

where L is the Lagrangian function or its modified form 
according as the kinetic energy does not or does contain the 
momenta corresponding to some of the coordinate*. So 
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that by what we have just j*t tivi-tl 

X/J AV.w//......... ...... ...(15 s), 

the Hum being taken for all the enordntutes and A* expressed 
in terms of them, in the expression for the terms depending 
on the controllable coordinates in a fun* lion whieh possesses 
the property of having a stationary value when the system 
to whieh it refers is in a steady state, 

77, Tims to take an example let us consider the ease 
of a heavy particle whose mans is m attaehed to it fixed 
point by a string whose length is 4 and moving so that 
the string makes a eonstant angle h with the vertical, The 
kinetie energy of the system k 
\ml* sin* 

where </» is the angle whic h the plane containing the string 
and a vert h a! line makes wit h some fi xed plane, The couple 
H which must art cm the system to keep ij constant is 
ml* sin S cats htj*. 

When the system is anted cm by gravity the potential 
energy k m$f v os .‘1 so that the Lagrangian function k 
hml* sin* *n/#* 1 wyj cox -1 
whieh may be written 

■ jH/$ c m$t eos h 

and this possesses the property of being stationary. 

If however the bagmngian ftmetion is expressed in 
terms of # the momentum corresponding to $ and given by 
the equation 

0 ml* sin* *h{* 

the Litgnmgian function becomes 

■ 1 tg r md eonS, 

zmr 

and this expression is not stationary. 
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The function which possesses this properly in the 
“ modified n Lagrangian function 

- 1 „ msec 3 h \ mti con 

2 mr 

Since H however when expressed in terms of 0 am! <!* 
equals 

t # * COS -I ) 

„ «X» . 4 v , / / 

mi 4 sm f h , 

we see that the 41 modified M Lagrangian function again 
equals 


• jfak/iJ i m$l cos h. 


Thus the expression 


■ [(*)</(} i rngii ' oh 3 


is stationary however H may he expressed, whether in terms 
of «/> or 

This example illustrates the principle that if we calculate 
the Lagrangian function from the forces necessary to pic 
serve equilibrium we need not consider whether it tt§ ex- 
pressed in terms of velocities or momenta. 

78. If we consider the proof by which the equation 

8 />" " s,, > 

was established we shall notice one point which we must 
continually bear in mind when we are calculating the virtue 
of the potential energy. 

By the Calculus of Variations 

l l Lt> 


i,a<;h.\ni;ian h'.mtiu.v 




and thus d uqtiutmu O r >f') hold-. w< nui.i h.nv 

tit J Jt 

4 *" 4 

Nuvv in unltiuuy Ui^ut Pyinumi d»« 
usual form id I f.ju.utMii »■» 


./ .// .it 

,tt ,/.} .if 


V». 


UU» ” t 


where (1 Vi the external tune ot Hpr ,/ tending to imtiMnr 
this coordinate. In thin « axe / A S’ uhrtr / e* the 
potential energy when thr * mtidinairs have thru avagned 
value and tin* system is free loan the a* fmn *«! external 
forces. ti Imwevet we are to me rjttadnit u ‘i t < »•' uma 
put A /‘ F where 


r / iuvy. 


that is we must add to thr pot* nltal rnngv we air * on 
sidering the potential mingy *4 the system win* h pnidnr n 
the external forces, 


Lagrange's equation may nmv hr wilt ten 


•/ *tr j 

iff */»/ A/ 


n 


w* 


and equation n tine, 

dints to take an example, m Kim torn alt* x we «*tir»» 
assume that the potential energy I ‘ «*f unit radmiir *4 a 
dielectric whose spri dir mduifive t a pat itv is A amt thtnagli 
vvhieh the electric displnt rmrMH patalh l to the *ttr« of », 
3 are respectively /» ,<* A in 


4* 

A" 


l/W 


/dj 


and that the equations of rqmhhitum air 


#/p v #//• 

dt ' A * 4 


r, 


.// 


/. 
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where X> Y > Z are the components of the electromotive force 
parallel to the axes of *v, y % s respectively. 

If however we wish to apply the theorem we are now 
considering we must put 


V {A/. V« * /M\, 

far then the equations of equilibrium are 

,/r ,//' ,/l' 

, . t m t O, 

dj dx dh 

The necessity of choosing V so that the equations of 
motion are of the form 

d dr d , ,,, 

dt dt/ dt/ 

is one to which we must always he alive in dealing with this 
subject 
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THE CALCULATION OE THE MEAN LAURANIHAN 
FUNCTION. 


79, Since we ran observe mu I regulate the forces of the 
types of the a controllable " coordinates we ean determine 
how they depend upon the values of these coordinates and 
then by means of the expression (t 55) calculate all those 
terms in the mean hagraugian function which involve such 
coordinates. There may however be scene terms in the 
Lagninginn function which do not involve these quantities 
and if we require these we must determine them hy other 
considerations ; a large number of problems can however be 
solved even though we do not know the values of these 
terms. 

To get some idea of the different kinds of terms which 
may exist in the Eagrangian function let us consider the 
energy of a system consisting of a large number of molecules. 
In the expression for the energy we can calculate all the 
terms involving the coordinates which fix the electric, 
magnetic or elastic configuration of the system, and in the 
terms depending upon the strain coordinates we may include 
those terms which involve the average distance between the 
molecules. There may however he some terms left which 
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each molecule contributes independently of m neighbours 
and which do not involve any of the controllable coordinates. 
The sum of these contributions will be proportional to the 
number of the molecules and must also be a function of the 
temperature, because the mean state of the system is fixed 
by the controllable coordinates and the temperature, and the 
mean kinetic energy must therefore be a function of these 
quantities. By hypothesis the terms we are considering do 
not involve the controllable coordinates, so that the only 
quantity they can depend upon is the temperature. The? 
potential energy of the molecules may also contribute terms 
to the Lagrangian function which do not involve the con 
t Tollable coordinates and which therefore we cannot calculate 
by equation (155). For the purposes for which we use the 
Lagrangian function all that we require to know about it is 
the change in its value when the system is changed in some 
definite way. Now if we measure the amount of heat 
absorbed or evolved when the change lakes place and 
know the change, if any, which takes place in the kinetic 
energy, we am calculate the alteration in the pari of the 
potential energy which is independent of the controllable 
coordinates. 

The methods of calculating the mean value of the 
Lagrangian function will be best illustrated by working out 
some particular cases. Let m begin with that of a perfect 
gas. 


Mean value of the Ligrangtan function for a perfect gm« 

80, Let us suppose that unit mass of the gait is enclosed 
in a cylinder furnished with a piston, whose distance from 
the base of the cylinder is represented by the coordinate *v, 
then since the pressure of the gas is a force tending to alter 
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the value of v, the mean JmgtmigMti fun* turn u*f the 
of tnolceules funning the gas mu*»t *Ho»hr thr * Munlm-ib t 
If // denotes the tin .to value n| the l.agiangMO tain t«m 
of the system, thr mean value **f the lone t*f type % pn« 
ilumi by the system when lit a sirml* state is hi f .agi-angt-A 
conations 

»/// 

Since their is e<puhhrittm between I hr |WC-s*nifC *hir o# 
the gas mu I the rUnnal presume 

*/// . 

where / is the ptevaur * *1 thr gas and , f thr area »»f tin 

piston, 

But it the g4*» obe> s Hoyle 1 s bin 


where v is the volume of umt in, on «*f the ga% u the alm*fute 
temperature ami A* a constant Midi that AW rpuh thr 
square of the velocity of mum! in thr gas, 

Now 

. J: 


so that 


•/// AW i/e 

r/t ’ /• »/i 


Integrating this equation we have m m fat a* //ileprmh 
upon v mid tf, 

if Mi log * # / (in , , , ftsyi, 

* M 

where is nit arliilwiy « mtiMitt .m>i fi»t. m ,ul»ni.u> hm, 
titrn of 0 t wlnt;li «I*H*N tiiti iiufiiv,* » It <», ?!«• 
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part of the kinetic energy which depends entirely upon un 
eonstraimible coordinates. We shall find in the course of 
this work that a great many problems can be solved without 
a knowledge of the value of /(#). As tar as / ( 0 ) In linear 
it may he included in the first term, as we may regard r» lt as 
quite arbitrary. 

The expression (157) will give the value of the menu 
Lagrangian function so far as it involves a, it also includes 
that part of the kinetic* energy whieh is expressed entirely in 
terms of uneonstrainahle coordinates, for this can he included 
in the term f( 0 ) ; to complete its value* we must subtract 
from it w the potential energy of unit mass of the gas when 
its particles are infinitely distant from each other, as this is 
the part of the potential energy whic h depends upon uncon < 
trollabie coordinates. 

Thus for unit; mass of the gas 

// mo log y 1/(0) 

^ *» 

or if /> he the density of the gas 

// A‘0 lug + / (0) - h>. 

We shall see later on, when we consider the phenomenon 
of evaporation, that f( 0 ) is of the form 

AB r M log 0 1 58), 

The value of //for a mass m of gas whose density is p 
is given by the equation 

If mA *0 log f * n r m/(Q) - ww. ........(159), 

This is the Lagrangian function for the gas itself; when 
an external pressure acts upon it we must add to this value 
the mean Lagrangian function of the system producing the 
pressure. We may suppose that this system is a weight 

Lr)h<&j * 

: s M bj i/*{H Cm 9 1*1 0 1 * 


l,A(»KAN(.JIAN FUNCTION Foil A MdWK MS 

placed upon the piston* the variable pail uf the potmiul 
energy of this is, if /Tat the volume mrupsed hy the ga* 

So that its mean Lagrangian him lion h 

■ pr 

and the hagrangian hmetion of the two systems e* thereto rr 
/// A*0 log ,,M +• //// (U) - w,v» / r, , „ . , , , A that, 


Mean value of the fagran&ian fa net ton for a In/mJ or u*M, 

Hi. We must now plot red to hud the iihmu value // o| 
the Mtgrangian fum tion lot a lapud or solid, Frt m suppose 
that we have a piston whose demon r fimu 4 h\n\ plane n 
a* pressing upon a lur of the suhstam e s 

Then we have hy Lagrange's ispiatum * when t hr motion 
is steady 

*/// 

^ ™ mean ion e fending in im ream ■% produ* rd In 
the substnm e, 


so that 


*/V/ a/m 

JtUi 


where / is the pressure mpurrd to haianer tins for* r and *♦ 
the area of the cross section of the hat. The dufetertiial 
coeffa tent tip Ml is obtained ms the supposition licit the 
volume k constant, 

Hi nee udx 


we have 


Mil 

Mfo 


*«M* «<♦*»« 
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where ft is the mean value of (>//> M) between zero ami U, 

Thus // 0 l "/Mr 1 /,(W) 

Jr,* 

% * /, W 

Where /, (0) is an arbitrary function of the temperature, 
it is unnecessary to add an arbitrary function of v on 
integration as this will be included in the potential energy 
due to strain. 

If the mass of the substance is unity 

t 

where <r is the density, so that in the expression for it 
for unit mass of tire substance there are the terms 

- 0 I ^ tf if \ f\ (0), 

Jtto (t 

From this we must subtrurt it*' the potential energy 
of unit mass of the substance. Thus in the latgmngtan 
function for a mass m of the substance there are the terms 

- ' mO I ^ dtr 1 mf. (tf) mu', 

1 1 

If there is any external pressure we must add to this 
the expression for the mean value of the Lagrangian 
function of the system producing this pressure. This, m 
in the case of the gas, will he 

where p is the external pressure and V the volume of the 
solid or liquid. Adding this term we get 

// -mO I ^ d<r r mf v (0) mw'^pF* (ifit), 

J9* tr 
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It must be remembered that we have only calculated 
the value of the Lagrangian function in the simplest case 
when the body is in a steady state, when it is free from all 
strain except that inseparable from the body at the tempe- 
rature we are considering, and when it is neither electrified 
nor magnetized. The change in the Lagrangian function 
due to any additional strain or to electrification or mag- 
netization can be at once determined by finding the energy 
required to establish this particular condition. For example, 
the change in H produced by statical electrification equals 
minus the potential energy of the electrical distribution, the 
change due to any system of electric currents flowing through 
solids or liquids is the kinetic energy due to this distribution 
of currents, and can be calculated by the ordinary formulae 
of electrokinetics. 

82. The problems which we shall now proceed to 
solve, making use of the principle that the mean value of 
the Lagrangian function is stationary, are those which can 
often be solved on thermodynamical principles by using 
the condition that the value of the entropy of the system 
is stationary. The value of H must therefore be closely 
connected with that of the entropy, and in fact we see 
from its value for a perfect gas in equilibrium under 
external pressure that, with the exception of the term p V, 
those terms in // which depend upon the controllable 
coordinates occur also in the expression for the entropy. It 
seems however preferable to use the function H which has a 
direct dynamical significance, rather than the entropy which 
depends upon other than purely dynamical considerations. 
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83, VVk shall now go cm to apply the princ iple that the 
value of // is stationary to solve .some spec ial problems in 
Physics. The first problem we shall consider is that of 
finding the state of equilibrium when a given mass of some 
liquid is placed in a closed vessel from which the* air has 
been exhausted; some of the liquid will be vaporized and 
we wish to find how far the vaporization will proceed 
before equilibrium is obtained. This of course is equivalent 
to finding the density of a vapour when in equilibrium in 
presence of the liquid. 

Let p, v ' be the volumes occupied by the vapour and 
liquid respectively, ( the mass of the vapour, ?/ that of the 
liquid, the rest of the notation being the same as that used 
in § 80 and § Hr. 

Then assuming that the vapour obeys Boyle's law we 
see from equation (158) that the vapour c ontributes to the 
expression for // for the whole system the terms 

me log + m 

since p the density of the vapour equals (,t. 
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From equation ( ifii) we see that the liquid when it is free 
from surface tension, elec t rifieat ion and the like, furnishes 
to the name expression the terms 

n<> I {{ * v/, ( fl ) w' dfi.0- 

M„ a 

Thus // the mean value of tfie Fagrangian funetion for 
both the liquid and vapour is the sum of (163) and (tfq) so 
that we have 


// m iok r f a/W’H/,w 

- y(> I fut/tr-frc-t/re' (164). 

When there is equilibrium the value of // has by the 
Hamiltonian principle (§ 75) a stationary value, so that in 
this state no small c hange ran affect the value of the right 
hand side of equation (164). 

'Hu* small change which we shall suppose to take place 
is that which occurs when the mass of the vapour is 
increased by a small amount H while the mass of the liquid 
is diminished by the same amount. The change in // is 

> 

so that when there is equilibrium we have by the Hamil- 
tonian principle 

till 
d$ °‘ 

When 8 i of the liquid is vaporized the volume of the 
liquid diminishes by 8f> so that we have 
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and since the volume of the vapour and liquid remains eon* 


and therefore 


t »•’) o, 

</«•■ i 

•ti 


«' * r Kiu s m \ d k 

t- J( 0 ) -J\ ( 0 ) + yO ~ w f ft' 
where for brevity y is written instead of 

- r 

M, tr 

Substituting for dvfd^ its value we have 

' 7 rt A'O log T J* . ( N(> - («»-«/) • 
a( { Vtr 

where <// (6) is written for 

(y R)Q>f{Q) «/ ( M, 

a quantity which does not involve £ Since /* we may 
write ( t <3s) as 

dl J~ MO log p " ♦ MO p (n< - n<) t* V' («)■ 

Since d/lldd vanishes in the state of equilibrium we have 
then 

A'fUog^ — M0 P f + <p(0) ...(i6 6), 

or /> /> M « * Ai * # A ^ , 

since p/<r is very small we may write this as 

(ftr>aP) 

p < t >( 0 )«" (167), 

where 4> (0) is some function of 0, 
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Bertrand (Thermodynamiqtu\ p. 93) has shown that the 
results of Regnault’s experiments on the vapour pressures 
of different litpiids can he represented by the following 
expressions, / being the pressure in millimetres of mercury: 

water; log / 17-44324 - 2795/0- 3*8682 log 0, 

ether; log/ 13*42311 - 1729 i/0 — 1*9787 log 0, 

alcohol; log / 2 1 *44686 - 2743 /0 - 4*2248 log 0, 

chloroform; log/ 19*29792 - 2179/0 - 3*91583 log 0, 

bisulphide of carbon log/ 12*58852-1684/0- 17689 log 0. 

This form of expression was originally used by Dupni. 
{Thtork Mminitfue tie la Chaleur , p. 97.) 

The coefficient of i /0 in each of these expressions is nearly 
\JB t where \ is the latent heat of the substance at the 
absolute zero of temperature. 'This is the term (m ~ w*)jO 
in our expression (166) and w - 7t'/' is the latent heat at 
absolute zero, hence by comparing the other terms in 
these expressions we see that /(0) must be of the form 

AO 4* BO log 0 , 

84, We can by the aid of the preceding formulae very 
easily determine the effect upon the vapour pressure of any 
slight change in the physical condition of the liquid or 
vapour. 

Let us suppose that the physical conditions are so 
changed that the mean Lagrangian function exceeds the 
value we have hitherto assumed for it by x* Then instead of 
equation (167) we have evidently 

BO log t- BO £ + 1// ( 0 ) - (w - «/) i ^ 0, 

so that Bp the change in the vapour density due to the cause 


T. 0. 
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which produced the change g in die mean Lagrangian 
function Is given by the equation 


or 


- A'O + A'O 1 

l> <r 


A 

A 


o, 




i p<r //\ 

A'O if p d( 


(*hK), 


so that if x increases with ( the vapour pressure in tin* state 
of equilibrium is increased, while if x diminishes as | 
increases the equilibrium vapour pressure is diminished* 
This very important principle is a particular case of the 
more general one that ; when the physical environment of a 
system is slightly changed ami the conset/uent change in the mean 
Lagrangian /unction increases as any pi mica / process goes on, 
then this process wit! have to go on further in the changed 
system before equilibrium is reached than in the unchanged one * 
white if the change in the mean Pag rang tan function diminishes 
as the process goes on it wilt not hare to proceed so fan We 
shall have numerous examples of this prineiple in the 
course of the following pages. 


85, Let us now consider the effect of surface tension 
upon the vapour pressure. In order to take a definite rase 
let us suppose that the liquid is a spherical drop. It will 
possess in consequence of surface tension potential energy 
proportional to its area, and as the amt of the drop 
diminishes as the water evaporates the energy due to the 
surface tension changes, and sinc e anything with h causes 
the energy to change as evaporation gems cm alters the state 
of equilibrium, the vapour pressures when there is equi 
librium in this ease cannot Ire the same as wheat evaporation 
produces no change in the area and therefore no change in 
the energy due to surface tension. 
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If n be the radius of the drop and T’the energy per unit 
area due to surface tension then in the expression for the 
potential energy of the liquid there will be in addition to 
the terms we have already considered the term 

47 to? T, 

and therefore in the mean Lagrangian function for the liquid 
and vapour the additional term 


- 47 ra*T 

So that with our previous notation 


Now 

and therefore 

hence 

and therefore 


X ™ ~ 47 ra s T. 

1 da 11 dv f 

atf-JP dr 

I 

37/0- ’ 

da ___ 1 

Af'ircdcr" 

dx = 2 T 

acr * 


(x6 9 ) 


So that if 8/1 be the change in the vapour density pro- 
duced by the surface tension we have by equation (168) 


8/> = 


2p T 1 


<J - p a lid 

and if 8/ be the change in the vapour pressure, since 

ip = im P , 

we have by (170) 

2p T 




ty-- 


(171). 


This agrees with the formula given by Sir William 
Thomson in the Proceedings of the Royal Society of 
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Edinburgh^ Keb. 7, 1870, and quota! in Maxwell’s Theory 
oflirnt) 5 ill edit, j». 290. 

If we take the ease of a drop of water t ‘ (J of a millimetre 
in radius, then if the temperature is about t o M ( \ we have 
by (170), since RO for water vapour is about i \\ m u 

*P 


200 

i';jk t o M 


7; 


since T Bt we have 


1*2 x 10 . 
f> 

We see that the energy due to surface tension makes 
the Lagnmgian function increase us evaporation goes on, 
so that by the principle given at the end of § 84, the effect 
of it will he to make evaporation go on further than it 
otherwise would. 

If we have the water in narrow capillary tubes then 
when it, evaporates the area of the surface of c ontact of the 
tube with water is diminished hut that of the surface of 
contact of the tube with air is increased. Since the surface 
tension of the surface of separation of the tube and air k 
greater than that of the tube and water, the potential energy 
due to surface tension increases as evaporation goes on, 
thus the mean hagnuigian function diminishes as the liquid 
evaporates, so that by the principle of § 84 the effect of 
surface tension in this case will be to stop evaporation 
and promote condensation. We can easily shew that if #1 k 
the radius of the tube then in this ease 


¥ 


2 ft T 
tr - p a * 


86, Effect of a charge of electricity on the 
vapour pressure. We can by the use of formula (i68> 
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find the effect <m the vapour deunity of electrifying the liqtiid. 
If the chaige f in given in the liquid which we shall suppose 
spherical ami of radius r/, the potential energy is increased 

t r 
2 A* a* 


where A* in the specific inductive capacity of the surrounding 
medium. 


The mean lagrangian function of the liquid and its 
vapour is diminished by this amount, I Hake’s experiments 
on the evapntation of electrified liquids (Wiedemann’s 
HltkirkitoA tv* p, mjr) show that c remains constant us the 
liquid evaporates, in other words that the vapour proceeding 
from the electrified liquid is not electrified. Thus the new 
term A* zKtt in the mean Lagrangian function diminishes 
as the liquid evaporates and therefore by the principle of 
t$ 84 evaporation will not go on so far as before, that is 
the vapour density when there is equilibrium will he 
diminished by electrifying the liquid. 

We can easily calculate by equation (168) the amount of 
this diminution. 

In this case 

t t' 9 

X m ■ ' i* 1 

A 2 A a 

. . Jx 1 ‘fa 

;ut<l tUcrduro a # > 

substituting the value </« </£ given by (169) we have 

<U » . 

r/f : H r A"' rt*tr 1 


ho that if Bp be the change in the vapour density produced 
by the elect rificaticm we have by (r 68) 


Bp 


t p t 

R6 tr - p BttAV 


(172), 
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To calculate the magnitude of this e fieri let us suppose 
K x; then e/<f Is the elect rie three just outside the sphere, 
and this cannot exceed a certain value, otherwise the insu- 
lating power of the air would break down and the electricity 
escape. The maximum value of ejn* when the sphere k 
surrounded by air at the atmospheric pressure is about tao 
in electrostatic measure : and as <* is unity, p a small fraction, 
the maximum alteration in the vapour density will he given 
by the equation 


8 /> 

P 


1*44 * t0 * * 


t 

HirA'O ’ 


now A *0 for water vapour at io tt O. is about t\\ * to w , so 
that 


this value will be independent of the size of the drop. 
Comparing equations (170) and (17.3) we see that the 
maximum effect due to electrification is about equal in 
magnitude though opposite in sign to that due to a curvature 
of 1/4 of a centimetre. 

The effect of electrification is to diminish the vapour 
density when there is equilibrium between the liquid and 
the vapour, it therefore increases the tendency of the 
vapour to deposit on the liquid. We should therefore 
expect an electrified drop of rain to be larger than an 
unelectrified one, so that this effect may help to produce 
the large drops of rain which fall in thunderstorms. 

87. Effect of an electric field upon the vapour 
pressure. Electricity also produces an effect upon the 
vapour pressure when the drop is not charged but merely 
placed in an electric field. Let us suppose that the 
field is due to a" charge of electricity t collected at a point 


evaporation. 
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\ let the radius of the drop of water which we shall 
appose spherical be a and let f be the distance of the centre 
{nn f * (Maxwell’s Electricity and Magnetism, V ol. 1. 

'• 3 3*)» Ihu potential energy due to the mutual action of the 
leettifiod point and the drop of water is 

1 

2 K f * (/ 2 ~0’ 

o that the increase in the mean Lagrangian function is 

1 /a 3 

2K 

md therefore by (168) the change Bp in the density of 
he vapour when in a state of equilibrium is given by the 

aquation 


Bp 1 a 1 (3 *?V \da 

7 M <r - p It 1 2 f r (/ r -a 2 ) + f (/*-<?)* • 2 { ' 
Substituting for da/d£ from (169) we have 
Bp _ ■ I <? 2 |3 1 a 2 _ l i_ 


p MX <r-p\ 2 / 2 (/ 2 - a 2 ) / a (/ 2 - ay) 4 7r ’ 

X rtf be small compared with /then approximately 

Bp __ 3 1 1 

p 8 tt xxe<T~pf' 

Now e/Af* is the force at the centre of the drop due to 
the electrified point, calling this F and remembering that c r 
is large compared with p we have 

Bp 3 KF 2 

P 


87 to-M 


( x 73). 


so that the effect of electrification on a neighbouring body 
is again to diminish the vapour density in the state of 
equilibrium. The formula (173) will evidently hold even 
though the field is not due to an electrified point provided 
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F the force at the drop does not vary much in a distance 
comparable with the radius of the drop. 


88. Effect of strain upon vapour pressure. 
We shall now investigate how the vapour pressure depends 
upon the state of compression of the liquid, Let m 
suppose that the pressure /* acts upon the liquid, then if k 
be the modulus of resistance to compression, the potential 
energy possessed by the liquid in virtue of this sttam is 


1 /* y 

2 k tf ' 

so that 

• l x * P 

</( Jt trk 1 

and therefore by equation (t6H) 


ftp i t i k* 
p 2 A’O tr p k 


-< *7-o* 


or approximately 


bp 

/» 


« t* 

iAVZ trk 


••••'••••(*75) 


for water k 2*2 x to**', so that the el feet on the vapour 
pressure of the compression due to the pressure of icmo 
atmospheres is at the temperature of 15" (\ given by 


ftp 1 

v ft ( > ’ 


for ether the effect would he given by 


^ * approximately. 


In the next patagraph we shall consider another effect 
<lue to pressure which except for exceedingly large pressures 
is larger than the one we have just been considering, 
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89. Effect of the presence of a gas having no 
chemical action on the water vapour on the 
equilibrium vapour pressure. It is generally believed 
that the equilibrium vapour pressure of water depends only 
upon the temperature of the water and not upon the pressure 
produced by an indifferent gas, that it is for example the 
same in a vacuum as under atmospheric pressure. If however 
we remember that when a portion of the liquid evaporates 
the air above it must expand and do work we shall see that 
this cannot be the case, but that since evaporation is 
accompanied by a diminution in the density of the air, and 
therefore by an increase in its mean Lagrangian function, 
it must by the principle of § 84 go on further when air is 
present than in a vacuum, so that the vapour density will be 
increased by the presence of the air. We shall now go on 
to investigate the magnitude of this increase and shall 
consider two cases. In the first case we shall suppose that 
the air and liquid are placed in a closed vessel whose 
volume remains constant. 

Let f, 77, £ be the masses of the vapour, water, and air 
respectively ; w, w v w a , the mean potential energy of unit 
mass of each of these substances respectively. 

Then the mean Lagrangian function for the water vapour 
is 

£Rd log (0) - &w, 

where v is the volume of the vessel above the liquid. 

The mean Lagrangian function for the water is by 
equation (161) 

vyQ + vA ( 0 ) - ; 

and the mean Lagrangian function for the air is 
tRfi log V f + If, («) ~ &*r 


I IV NAM M’S, 


i 

‘Hum when a quantity Ji ol the hqmd ‘ am r 

dvhli i /•'. the cuiuhimn th.it •<// >*'i ' H 1 "" 1 

Now if ^ he the eli tiwe in i« *hie m «»»■' l'»« •»*«*’ •' "< «he 
air, ««., the mrtrspomlm« * ! " v ‘' 1 ' ,h, '‘ 

equation , , u , 

( A«.y 1 ( ><1 , «■*.* fi ( t yft), 

/, *» ‘ 

The presence of the .or will increase the pressure and so 
cause the liquid to he more . -impressed than it w-*”ld he .1 
the air were away. ■«> tlut «*, «>» he m* teased hy the 
presence of the air. !« * > e the -ompirssr.m .hie «» the 
pressure / of the air. ami f the po-s-mir dm- the water 
vapour, f>n\ will he proportional to «/ » f ) <« and wiles s the 
pressure due to the air amounts n> many thousamh. of 
atmosphere, this term wilt hr very small 'ompaie.t with 

£A'« 

tH' 

wliieh is equal to / >’• 

Hem e we may write equation * V f * * * 1 ’ 

AW,. AW,, / 

* * M t 

ft ** «» 

or, nim «* *f i*‘ vrry foyr * with r«* 

i»i» t f t ? ,* * 


Now if «/* (»r till* rluHtfr rn thr |*f rvjittr m! ihr Vk.xln 
Vgpolir iltlc to lltr r 451 

ho tlmt equation (177) 

¥ t 
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But if p is the density of steam when the pressure is p f 

P P ’ 

so that equation (177) becomes 

¥ = p_ 

p cr 

and thus the alteration in the vapour pressure produced by an 
external pressure of an atmosphere is given by the equation 

Sp _ density of steam at atmospheric pressure 
p density of water 

= at o° C. 

1200 

So that for each atmosphere of pressure the vapour 
pressure of water is increased by about one part in twelve 
hundred. For ether the increase would be about one part in 
220. 

90. The other case we shall consider is when the 
pressure acting on the system remains constant. We shall 
use the same notation as before. The only change we shall 
have to make in the mean Lagrangian function is to add to 
it that of the system producing the steady external pressure. 
We may suppose in order to fix our ideas that this system is. 
a quantity of mercury placed on the piston, which may 
be supposed to move vertically up and down, then if P be 
the steady pressure per unit area the potential energy is 
equal to 

P(v + v'), 

so that the mean Lagrangian function of this system is 
-P(v+v f ), 

where v r is the volume of the liquid. 
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dll 

<lt 


gives 

A'O log A'O * 


illdd; 


,, I.m /,{») y" V« u \ } 

V til 


modi’ (dr d;'\ 

'* J£ v J i 1/4/ 


Jr Jr\ 


Now 


an d 


im 

V 

V 


t 

7s 


where / and ft are the pressure** due to the water vapour and 
air respectively. 

Since P f v ft 

. Jr t 

and . 

Jl tr 

the above equation reduces to 

NO log f) " - A'O * ((O) f ( 0 ) *. y(i (u* n\) >4 ^ o t 

p * ' t* 

or if % he the c hange produced by the external pressure* 

Av; rt/ ' 

p tr 


0 tr 

a similar result to tin* one we obtained before* 

We see from this result that (apart from any other * ansr) 
rain drops will form more easily when the barometer is low 
than when it is high, 

RegnaultN experiments seem to show that the vapour 
pressure in a vacuum is greater by nearly $ per rent, than 
when, there is air at atmospheric pressure above the liquid 
(WullnerN Lehrlmrh Jet Pi )vJl\ ttt, p. 703), but hr attributed 
this difference to the condensation of the liquid cm the side* 
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of the vessel; the absorption of the air by the liquid might also 
tend to produce an effect in this direction, though, as the 
following investigation will show, to nothing like the extent 
of 5 per cent. 


91. Effect of absorbed air on the vapour 
pressure. When the liquid contains some gas diffused 
through its volume which remains behind when it evaporates, 
the evaporation of the liquid will cause the volume occupied 
by the gas to diminish and its density to increase. Thus by 
(157) the mean value of its Lagrangian function will diminish 
as evaporation goes on, so that by § 84 the presence of the 
gas dissolved throughout the volume will diminish the 
equilibrium vapour pressure. 

Let e be the mass of the dissolved gas, v' the volume of 
the liquid in which it is dissolved, then the Lagrangian 
function of the gas is 

€ JR! B log ~~~~ — + f ($) (178), 

where *w’ is the intrinsic potential energy of unit mass of the 
dissolved gas. 

The expression (178) is the quantity we denoted by x in 
§ 84. The only variable in x which involves £ is v and 
dv'/d£ = - i/cr, so that we have 

R'Oz 
d$ v’cr 


and therefore by (168) 

jmSS.-JL.™ 

p cr — p v 


(179)- 


If 8 j> be the increase in the vapour pressure caused by the 
dissolved gas, P the pressure this gas would produce 
if it were free from the liquid and filled the volume then 


since 


ROBp = 8 p 
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m u 

v 

equation (179) may be written 

¥ 




t\ 


So that since /> is very Mint!) compared with <r w* 
approximately 


tUiV! 


V 




•(»««}. 


or if/ he* the vajumr pressure, awl /»' the «t<»*.tiy of *.t<\im at 
the atmospheric pressure », etpmtion (1H0) may In* written 

¥ i> l \ 

p tr w * 

Anti since ///«* is about t / two we see that 

v » //n 

where (/') is the pressure /'expressed in atmospheres. 

The volumes of the various gun*H whit It tun* volume of 
water will absorb at « M C!. under the pressure of 70 » utillt 
metres of mereury were determined by Bunsen and are given 
in the following table : 

Hydrogen *mt) 

Nitrogen *0,104 

Air *0,147 

, Carbonic Arid 179 

Chlorine 4*0461 

no that aeeording to e<|uation ( t Ho) the vapour pressure 
of water saturated with air will he lowered by about one 
part in 50,000, when saturated with carbonic and by about 1 
part in 660 and when with chlorine by about « pan in 4 <■.*«, 
In this investigation we have assumed that the proprtftrs 
of the liquid are not altered by the presence of the gas ; 
if they are, then we must regard y and w' as function * of *, 
and this would lead to the introduction of several additional 
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terms into the equation for 8/. We have assumed too that 
the gas remains behind as the liquid evaporates, as in this 
ease the diminution of the vapour pressure is greater than if 
some of the gas were to be set free when the liquid evapo- 
rates. 

92. The effect of dissolved salt on the vapour 
pressure. Van ’t Hoff ( u IVeqitilibre chimique dans les 
systhmes gazuux on dissous ft I’etnt dilue,” Atrhives Neer- 
htttdah, xx. p. 239, 1HH6) has pointed out that Pfeifer’s 
experiments on the osmotic pressure produced by salts 
dissolved in water (Pfeifer, Osimdisehe U filers a eh ungen, 
Leipzig, 1 *H 7 7 ) and Raoult’s experiments on the effect of 
dissolved salts on the freezing point of solutions (A finales de 
VhimU\ 6 mr serie, iv. p. 401), show that the molecules of a 
salt in a dilute solution exert the same pressure as they 
would exert if they were in the gaseous state at the same 
temperature and occupying a volume equal to that of the 
liquid in which the salt is dissolved, and that the pressure 
exerted by these molecules obeys Hoyle’s and Gay I .tissue’s 
law. 'Phis being so, the mean Lagrangian function for the 
salt dissolved in the liquid is the same as that of an equal 
mass of the salt in the gaseous state filling the volume 
occupied by the liquid, dims if the properties of die liquid 
are not altered by the presence of the salt the results of the 
preceding section will apply, and we shall have, supposing 
that the salt remains behind when the liquid evaporates, 

¥ f iy> <■>»>, 

where tr hi the density of the liquid, p the density of its 
vapour at the atmospheric pressure, (P) the pressure in 
atmospheres which would he exerted by the dissolved salt 
if it were in the gaseous state. 

Thus, for example, suppose that we have n grammes of 
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salt in a litre of the solvent* where // in the molmtlnr 
weight of the salt. 'This strength of solution is often oiled 
for brevity a strength of one equivalent per litre. This 
quantity of salt will by Avogadro’s law produce the same 
pressure as 2 grammes of hvdiogen per litre, that is about 22 
atmospheres; if this quantity ot salt were dissolved in water 


it would by equation ( 1 H 1 } since p/<r is abcmt i/i*mo 

diminish the vapour pressure by about t part in 55, if it 

were dissolved in ether, where /0 is about r/»uo* 

then the vapour pressure would be diminished by about t 

part in 10, if it were dissolved in alcohol, ( V U K where /1 *r 

is about 1/380, the vapour pressure would be reduced by 

about one part in 17. We see from equation (181) that the 

diminution in the vapour pressure is proportional to the 

quantity of salt dissolved. We ran also express the result of 

this equation as follows. If P is the pressure due to one 

equivalent in grammes of the salt dissolved in a kilogramme 

of the solvent* then /h er, where <r is die density of the 

solvent, is the pressure in atmospheres due to one oqui 

valent of the salt dissolved in a litre of the solvent, lienee 

P 2 » 

^/(density of hydrogen at atmospheric pressure.) So 


that we may write equation (tSi) as 


¥ 

P 


(molecular weight of solvent) * t » *0 ", 


where 8/ is the diminution in vapour pressure when one 
equivalent of the salt is dissolved in a kilogramme of the 
solvent. Another way of expressing the same thing in that 
when one equivalent of the salt is dissolved in too© 
equivalents of the solvent, i.e. in moo m grammes where 
m is the molecular weight of the solvent, the diminution in 
the vapour pressure amounts to t part in 1000, whatever 
be the nature of the salt or solvent. 
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Since 


a/ f / p 

p if rr * 


and since P is directly, while // is inversely, proportional to 
the absolute temperature, we see that the ratio hpjp ought to 
be nearly independent of the temperature since <r only 
varies very slowly with it. 


93. In the preceding investigation we have assumed 
that the properties of the solvent were unaltered by the 
presence of the salt, and that all the solvent did was to 
enable the salt to exist in a condition in which the 
molecules were very far apart. 

If however the properties of the solvent are altered by 
the presence of the salt, then we must regard w/ as a function 
of the quantity of salt dissolved. 

In this case instead of equation (179) we shall have 

R 08 p { 1 — 1 i \ hd i v t* ^ o (182), 

(p <rj (hj <r v ' 

where fad is the change in id produced by the presence of 

the salt. 

Now if .s' be the strength of the solution, i.e. the quantity 
of salt in unit volume of the solvent, 

did did 

r > W ~ S ds' 

so that equation (182) becomes 

( l l \ * > did 

R6hn ( - ) + hw - S , ■ + 0. 

\p trj as <r 

If the change in id is proportional to the strength of the 
solution then 

* , did 
hw -• s , o. 

ds 


t. u. 


12 
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In the general case the lowest power of s which occurs 
in the expression 


is the second, so that the effect produced by the alteration 
of the properties of the solvent depends upon the squares 
and higher powers of the concentration, while the effect we 
investigated in the preceding section was proportional to 
the first power, and therefore when the solution is dilute is 
relatively the more important. 

Raoult, Comptes Rendus 104, p. 1433, has recently found 
that when one equivalent of a substance is dissolved in too 
equivalents of a solvent the vapour pressure is reduced by 
1*05 parts in ioq, which agrees very well with the results 
we have just obtained. 


CHAPTER XII. 


PRO P KRTIKS OF DILUTK SOLUTIONS. 

94. Thk effect produced on the vapour pressure of any 
solvent by dissolving other substances in it has been discussed 
in the last chapter ; in this chapter we shall consider some 
other properties possessed by dilute solutions. 

Absorption of gases by liquids. Let us suppose 
that we have a closed cylinder containing a gas and a liquid 
and that we wish to find how much of the gas will be ab- 
sorbed by the liquid. In this case we have four substances 
to consider, 

t. The liquid. 

2. The vapour of the liquid. 

3. The free gas. 

4. The gas dissolved in the liquid. 

The variation which we shall suppose to take place, and 
which will not by the Hamiltonian principle alter the value 
of If when the system is in equilibrium, is that corre- 
sponding to the escape of a small quantity of gas from the 
liquid. This will not affect the value of the mean Lagrangian 
function of the vapour of the liquid, so that we may leave this 


DYNAMICS. 


180 

out of account in Halving thin problem. Let the mass of the 
liquid be ?/, tlmt of the free gun and that of the absorbed 
gas £. Then using the same notation as we have hitherto 
employed, the mean Lagrangian function for the liquid is 

vy () 1 vA W ~ yw t * - * * ( * 83 ), 

for the free gas 

W> W 7 'l" + t/((>) (tc ( 184 ), 

for the dissolved gas 

ZA'O 1<>K 7 'p t if (0) - iw (iH S ), 

where v is the volume occupied hy the free gas, and v* the 
volume of the liquid or that oeeupied hy the dissolved gas, 
and where w' and f\0) are the quantities for the dissolved 
gas which correspond to ?e and / (0) for the free gas If we 
denote the sum of the expressions (r8j), (184) and (185J by 
//* then by the Hamiltonian principle // is stationary when 
the system is in equilibrium, so that if we suppose a small 
variation to be caused by a quantity of gas S( escaping from 
the liquid then we must have for equilibrium 


this is equivalent to 

m h.g v,> " m i/(0) - k> - ko log v '^ t m /' (o) + »■* 
d 

■t ^ { r/yfl + y)j\ ( 6 ) m ) « O (186). 

l’hc last term wlit'ii tlu: amount of gas absorbed is 
not large will be very nearly independent of the quantity 
of gas dissolved. Equation (186) may be written 
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M log t p ' w- «/ + /' (0) -/(<)) 

+ {» ]y 0 + «/ \ ( 0 ) - r/W', | (187), 

where c is a constant and p and p' are the densities of the 
free and dissolved gas respectively. Since the temperature 
is constant, we see from this equation that pip is constant, 
that is, the quantity of gas in unit volume of the liquid is 
proportional to the density of the free gas. 'This is Henry’s 
law of the absorption of gases by liquids and it has been 
verified by the researches of Bunsen and others. Bunsen’s 
experiments showed that the value of the ratio p/p depends 
upon the temperature, hence we see from equation (187) 

that w - / (6) - {w f **» f\B)\ 4 * ^ [rjyO t nf { (6) - t)W x \ cannot 

be zero, otherwise p/p would be the same at all tempera- 
tures. Thus either the properties of the free gas can not 
be quite the same as those of the dissolved gas, or else 
the properties of the water are altered by the gas dissolved 
in it. 

95. A similar investigation will apply to the case of 
a solid or gas which can dissolve in two fluids which do 
not mix. We can prove in this way that when there is 
equilibrium when the fluids are shaken up together then, 
provided the solutions are dilute, the amount dissolved in 
unit volume of one fluid will bear a constant ratio to that 
dissolved in the same volume of the other (see Ostwnld’s 
Lehrhueh der allgemdnen Chemie , t. p. 40 r). 

96. The diffusion of salts through the solvent, a process 
which goes on until the solution acquires a definite state, 
can be explained by the same principles. In the following 
investigation of this problem we include the consideration* 
of the effect of gravity upon diffusion. Let us suppose that 
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we have a shallow vessel whose volume is p ami that thin is 
connected by a capillary tube of fine bore with another 
shallow vessel whose volume is v* situated at a height h 
above the lower vessel Let the two vessels be filled with 
water containing a certain quantity of salt dissolved in it, 
then we wish to find how the salt is divided between the 
vessels when equilibrium is established. Let i and // be 
the quantities of salt in the lower and tipper vessels 
respectively, then if // he the height of the lower vessel 
above some fixed plane, the potential energy of the salt in 
the lower vessel may be taken to be ho that there is 
the term - &//' in the expression for the mean Lagrangian 
function of this salt, similarly there is the term r$(/t t //*) 
in the expression for the mean Lagrangian function of the 
salt dissolved in the upper vessel 

'Huts using the same notation as before the expression 
for the mean Lagrangian function of the salt dissolved in 
the lower vessel is 

iMUw f '£ + W) tt*-W (««#), 

the mean lagrangian function of the salt dissolved in the 
upper vessel is 

Let us suppose that a quantity h) of salt goes from the 
lower to the upper vessel, then if there is equilibrium 
this (‘Image must not alter the value of //, the mean 
Lagrangian function of the salt and solvent in the two 
vessels. If the solutions are dilute the only part of // 
which varies is the sum of the expressions ( 1 88) and (t%), 
and the condition 

dll 
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leads to the equation 


RB log 


Vrj 


-tf* 


o, 


or if y/ are the masses of salt in unit volume in the 
lower and upper vessels respectively 


or 


RB log 



o, 


V 

e 


e KO 


(iyo). 


So that the concentration of the solution when there is 
equilibrium varies in the same way with the height as the 
density of a gas under the action of gravity. 


97. A large number of experiments have been made 
on the effect of dissolved salts on the coefficients of com- 
pressibility of various solutions (see Schumann “ Com press! - 
bilitat von Chloric! Losungen,” Wietl Ann. xxxr. p, *4, 
1887 and Rbntgen and Schneider, Wied. Ann. xxtx. p, 
165, 1 886), we shall therefore investigate an expression 
for this effect and see what information can be gained 
by comparing it with the results of the above-mentioned 
experiments. 

Let us suppose that the solution whose original volume 
is p 0 is subjected to a hydrostatic pressure / which reduces 
its volume to v } and that I< is its coefficient of compressi- 
bility. Then the mean Lagrangian function of the solution 
and the system producing the pressure is 


I (v„ - 1<y 
ak' r„ 




the mean Lagrangian function of the dissolved salt is, using 
the same notation as hitherto, 
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$A'6 log 7 g“ 

where $ is the mass of the Halt. 

If // is the stun of these expressions then by the 
Hamiltonian principle // must he stationary when there is 
equilibrium. Let us suppose that the volume k ine reaxed 
hy tiv< then sinee // is stationary we must have 


or 


I (*V^) tm 

k' 7 <„ 1 V 


OoO; 


now ^RBjv is the pressure due to the molecules of the suit, 
let uh call this I\ If p he increased hy #/, the correspond* 
ing diminution in volume h % is hy (u)i) given hy the equation 


1 8?' 


8/>s 



o« 


or 



or since v ft is very nearly equal to v we may write this 
equation in the form 


¥ 


1 Sr 
ft’ v n 1 


1 1 /n 


Bo that the apparent coefficient of compressibility k 
ft 

f * IW 5 


thus the pressure due to the molecules of the dissolved unit 
produces a decrease in the coefficient of compressibility. 
Let us see what the magnitude of this effect would he if 
the pressure of the molecules were the only way in which 
the dissolved salt affected the resistance to compression. 
If we make this assumption # 1 frz * io lw , this being the 
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value when measured in c. G. s. units of this constant for 
pure water at i 5 °C. If there is one equivalent of salt in a 
litre of water, P is 22 atmospheres or in absolute measure 
22 x 10 7 . Since the reduction in the coefficient of com- 
pressibility is very nearly equal to 

pr-, 

or to one part in 1 /Pk', we see that when the strength of 
solution is one equivalent per litre the reduction in the 
coefficient of compressibility ought to amount to one part in 


that is to one part in 1000 . 

The following table taken from Rontgen’s and Schneider’s 
paper will show that the effect of dissolved salts is some- 
times more than a hundredfold that calculated on the 
above assumptions, and hence we conclude that in addition 
to producing a pressure in the solvent the dissolved salt 
must directly alter its elastic properties. 


Names of salt 
or acid. 

Strength of 
solution in 
equivalents per 
litre. 

Reduction in com- 
pressibility found 
by ROntgen and 
Schneider reckoned 
in parts 
per thousand. 

hno 3 

i 49 

42 

HBr 

i*49 

40 

HC1 

1 *5 2 

5 2 

h 2 so 4 

1*48 

79 

NH 3 I 

i*49 

90 

nh 3 no 3 

1 1*5 

94 

NH,Br 

i*5 

90 

NH 3 C1 

i*45 

97 

Na 2 C0 3 

i*5 

37i 
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98, The pressure due to the molecules of the dissolved 
salt; will explain many of the phenomena exhibited by 
solutions. The molecules of the salt may be regarded 
as confined within a limited volume by the solvent, and 
they wall take any opportunity of expanding even though 
they may have to do work to enable them to do so. Thus 
if the solution was contained in a vessel provided with a 
bottom pervious to water but impervious to the substance 
dissolved in it, then if the vessel is placed in water with its 
top above the surfaee water will (low up into the vessel 
through the bottom, the work required to lift the water 
being supplied by the expansion of the molecules of the 
dissolved salt. This constitutes the well known phenomenon 
of osmosis. 

A diaphragm which is said to be impervious to all salts 
though it allows water to pass through it can lie made by 
allowing weak solutions of sulphate of copperund ferrocyanide 
of potassium to diffuse into a porous [date from opposite 
sides, these solutions when they meet form a membrane 
of the kind desired. Detailed instructions for making these 
membranes are given in Pfeifer's Osmotise/w ( ?nttmu'hungm % 
Leipzig, 1877. Hy following his directions I have succeeded 
in making such membranes though the number of failures 
was very large compared with the number of successes. 
Mr Adie, who is making some investigations on this subject 
at the Cavendish Laboratory, funis that the membranes are 
formed more readily if ferric chloride is used instead of 
copper sulphate. 

We shall now attempt to find by means of Hamilton's 
principle the height to which the fluid will rise in the 
osmometer. Let us suppose that the osmometer is a long 
tube with a diaphragm of the kind we have been describing 
at the bottom, and that it contains water and salt. Let $ 
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be the matin of the wait, t; that of the water iteudr the tube, 
l that of the water outside, and let v be the volume tit" 
the tube occupied by the solution. Then, using the ame 
notation an hitherto, the mean Lagrangian fumtion for the 
salt in 

i«K P £“ i t/W - I (»', * A'®) (*<>*). 

where s in the height; of the centre of gravity of the nail 
molecules above some fixed plane. 

The mean Lagrangian function for the liquid in the tube 
is 

vy'V + v /,' (0) - »/ +A f *> 

and for the liquid outside the tube 

Cy& +■ £/» 0) ■ " £ + x>') • • • ■ * • • ( * *m )» 

where / is the height of the centre of gravity of the water 
outside the osmometer : the quantities for tin* liquid inside 
the tube are denoted by affixing dashes to the symbols 
denoting the corresponding quantities for the water outside 
the tube. 

by the Hamiltonian principle the value of // f the sum 
of (192), (193) and (194)1 is stationary when there is equilb 
brium. Let us suppose that a quantity of water % flows 
into the osmometer. 

Then since if there is no contraction 

dv d% 1 

rf<\ *’ </, t a«’ 

where a is the area of the cross section of the osmometer, 
and 


t/r, (W 3 + &'•>') ^ 
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where h is the height of the top of the fluid in the osmometer 
above the level of that outside : the rendition 

dtf 

o 

(i ’t 

leads to the equation 

^ + (r - y ) (l 1 

t ' 1) 
if the properties of the solution are not altered by the pre- 
sence of the salt then 

y y» // (0) /,<»>.«'/ 

and equation (195) becomes 

/ ,c< r W 1 4^'). 

where / is the pressure due to the molecules of the dissolved 
salt, and // the height of a column of water whose mass is 
the same as that of the salt dissolved in the osmometer, U 
the strength of the solution in the osmometer is one equiva- 
lent per litre, p is about 22 atmospheres, so that in this ease 
h 1 \J{ is about 6bo feet ; that is the water would flow into 
the osmometer until the height of the liquid in the tube is 
nearly an eighth of a mile above the level of the water 
outside. 

If the liquid is not allowed to expand but confined 
in a constant volume we can easily prove tit a simitar way 
that if the properties of the solvent are not changed by the 
addition of the salt then when there is equilibrium the 
pressure exerted by the fluid in the osmometer must lie 
the same as that due to the molecules of the salt, Hus 
result is given by Van t Hoff (/,V sttr/w 
Nmiamkh t. ao, p. jjy}. 

PfetFer (Omoii&t'ftt Unttr.sucftuN£ffl % p. tj) gives ns the 
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pressure for a 1 °/ 0 solution of potassium sulphate that due to 
192-6 centimetres of mercury and for a 1 °/ 0 solution of 
potassium nitrate that due to 178*4 centimetres. The 
pressure calculated on the above principles for potassium 
sulphate is 97 centimetres if we assume that the molecule 
is K 2 S 0 4 and 194 if the molecule is \ (K 2 S 0 4 ), for potassium 
nitrate it is 16*7 if the molecule is KN 0 3 . 

We see as in § 90 that the terms in (195) depending 
upon the alteration of the properties of the' solvent by the 
addition of the salt do not contain any powers of the strength 
of the solution below the second. 

A measurement of the osmotic pressure produced by any 
salt solution will on the above assumptions give the same 
information about the structure of the molecule of the salt 
in the solution as a vapour density determination does about 
the structure of the gas whose vapour density is determined, 
for it enables us to find the number of molecules in a given 
mass of the gas. Thus Pfeffer’s measurement of the os- 
motic pressure due to potassium sulphate suggests that the 
relation between the composition of the molecule of this 
salt and that of potassium nitrate is represented by JK 2 S 0 4 
and KNO n , and not by K 2 S 0 4 and KN 0 3 . 

Even if we do not assume that the molecules of a salt 
produce a pressure analogous to that of a gas, it would still 
follow from the Hamiltonian principle that there would be 
a rise in the osmometer if the increase in the mean Lagran- 
gian function of the liquid inside the osmometer caused by 
the addition of unit mass of water is greater than the 
diminution in the mean Lagrangian function in the water 
outside the osmometer caused by the abstraction of unit 
mass of water. 

Anything that causes a change of this kind will increase 
the height to which the fluid will rise in the osmometer; 
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thus, if the addition of water to the solution inside the os 
mometer is attended by an evolution of heat, the solution 
will rise higher in the osmometer than one of similar strengt h 
in whieh no heat was evolved m dilution. On this account 
the indications of the osmometer are somewhat ambiguous, 
and before coming to any definite conclusion as to the 
structure of the molecule of the salt it would he necessary 
to use several solvents and to show that the osmotic height 
varied as the absolute temperature. 

()(). Surface Tension of Solutions. The expert 
meats of kbntgcu and Schneider already alluded to have 
proved that for most solutions the product of the height to 
whieh the solution rises in a capillary tithe into the density 
of the solution is greater for a solution of a salt than for pure 
water, and that for dilute solutions of most (though not all) 
substances this product increases with the strength of the 
solution. It follows from this that the tension of the surface 
of contact of the solution with air increases with the strength 
of the solution, while the tension of the surface of contact 
of the solution with glass or any other solid body diminishes 
as the solution gets stronger. 

The variation of the surface tension with the strength of 
solution may cause the strength of the solution to vary near 
the surface. 

To investigate the magnitude of thin effect let m suppose 
that we have a thin film whose area is S and surface tension 
7\ connected with the hulk of the liquid by a capillary 
thread. Let | he the mass of salt in the thin film, tj that in 
the rest of the liquid ; then if £ is the mass of water in the 
film, € that of the rest of the water, the mean Lagrangian 
function of the liquid and salt in the film is, using the 
same notation as before, 
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W log 7 p“ + $f(6) ~ $70, + $ y o + £/, (0) - £*'„ - ay: 

where v is the volume of the film. 

The mean Lagrangian function for the rest of the liquid 
is 

rjRO log 7 ^ 4 ijf (0) - rj7i\ I- eyO 4* *f x (&) - 

Let us suppose that a mass of salt goes into the film, 
the change in the mean Lagrangian function is 



and this by the Hamiltonian principle must vanish; thus if 
p, f> are the masses of salt in unit volume of the film and 
liquid respectively, we get 

/ ,v <rr 
f> •» 

(> 

or if 7 W is the increase in the surface tension when the mass 
of salt in unit volume is increased by unity 
/ y r* 

*«/>•«, 

where t is the thickness of the film, dints if the surface 
tension is increased by the addition of the salt there will be 
less salt per unit volume in the film than in the liquid in 
bulk, while if the surface tension is diminished by the addi- 
tion of salt there will be more salt in unit volume of the film 
than in unit volume of the rest of the liquid. We saw that 
the surface tension of a solution in contact with a solid di- 
minished as the strength of the solution increased, thus if we 
had a film in contact with a solid there would be more salt 
In unit volume of the film than in unit volume of the bulk of 
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the* liquid ; if we dipped for example a piece of filter paper 
in such a solution, the solution in the filter paper would lie 
stronger than the rest. Or, again, if such a, solution were to 
flow through a capillary tube the salt would have a tendency 
to flow to tin* sides, so that the more quickly moving fluid 
at the centre would get weaker and weaker. Many expert 
mental illustrations of this could hi' given; one of these is 
an experiment tried by Dr Monekman and myself at the 
Cavendish laboratory, in which a deep coloured solution of 
potassium permanganate emerged almost colourless after 
trickling through finely divided silica. Again, if a piece of 
filter paper be dipped into a coloured solution of a salt such 
as potassium permanganate, unless the salt has a very strong 
affinity for the water the solution after rising some height 
in the filter paper becomes colourless. 

If a small quantity of paraffin oil be mixed with water 
the surface tension of the solution against a solid is greater 
than that of water, and such a solution will increase in 
strength when it flows through finely divided silica, 


CHAPTER XIII. 

DISSOCIATION. 

too. True Hamiltonian method can be used for the pur 
pose of obtaining the laws which govern the phenomena of 
dissociation, Le. the splitting up of a molecule into its atoms, 
such as the iodine molecule C into the atoms I and I ; or 
of a complex molecule into simpler ones, as in the ease of 
nitrogen tetroxide, where the molecule N a C) 4 splits up into 
two molecules of N() y , or when the molecule of chloride of 
ammonium splits up into ammonia and hydrochloric acid. 

This phenomenon has some analogy with that of 
evaporation ; as in the latter case we have equilibrium 
between portions of matter in two different states, the 
gaseous and the liquid, matter being able to pass from the 
one state to the other by evaporation and condensation, so 
in dissociation we have also equilibrium between portions of 
the same substance in two different conditions, both in the 
gaseous state, the molecules in the one condition being 
more complex than those in the other, and matter being 
able to pass from one condition into the other by the more 
complex molecules splitting up, “ dissociating ” as it is called 
into the simpler ones, while on the other hand some of the 
simpler ones combine and form the more complex molecules. 
Equilibrium is attained when the number of the complex 
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molecules which split up in any time is the same as the 
number formed in the same time. 

Let us first investigate the ease when the complex 
molecules contain two of the simpler cates; this is the ease 
when, as in incline, the more complex systems are cti atomic: 
molecules and the simpler ones atoms, as well as in such 
cases as the dissociation of N„() t , 

Let us suppose that the system is contained in a c losed 
vessel and that ( is the mass of the complex molecules, 1 / 
that of the simpler ones. We shall for the present assume 
that both gases obey Hoyle's law and that the fundamental 
equation for the complex gas is 

P ff x 

and for the simpler gas 

P KA 

where / is the pressure, /> the density and 0 the absolute 
temperature. 

Since the molecules of the complex gas consist of two of 
those of the simpler gas, the density of the simpler gas will 
at the same pressure and temperature be half that of the 
complex gas and therefore 

AV^AV 

The mean Lagranglan func tion of the complex gas is 

(A\0 log */(»)..{«., (IV o. 

where v is the volume of the vessel in which the gas k 
contained and w x the potential energy of unit mass of the 
complex gas. 

The mean Lagrangiun function for the simpler gas k 

vW >«k +yf, W - w, (*97). 

where n\ is the potential energy of unit mass of this gas. 
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The mean Lagrangian function // for the two gases, 
assuming that the properties of each are not modified by 
the presence of the other, is the sum of the expressions 
(196) and (197). By the Hamiltonian principle the value 
of Jl is stationary when the system is in equilibrium. Let 
us suppose that the state of equilibrium is disturbed by 
a mass of the simpler molecules combining to form 
complex ones. Then since the value of Jl is stationary 
we must have 

dll 


Since the mass of the gas is constant 
bij f br) o 


and the condition 


dll 

<l£ 


is equivalent to 

-M ( 0 ) ~ • RJ> log vp j 

+ AJ) -J\ ( 0 ) + 7 f'„ - 0 (198), 

or since A* a - 2 A 1 , 

we have 

A',0 log + A'fi +/; (0) -/, (0) - - w . 

This can be written 


y Wj 

*•* (199), 

where $(< 9 ) is a function of # but not of £, r; or n 

In experiments on dissociation the quantity usually 
measured is the vapour density of the mixture at some 
standard pressure m 
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Let A be the density of the mixture of the two gases at 
this pressure, D that of the complex or undissodated gas at 
the same pressure. 

The pressure in the vessel is 

(A\0 ytift 
r v ' 

or since A\ iA\, 

, £ 1 t, 11 

the pressure equals A,«. 

Tlte density of the gas at this pressure is 
l mj 

f 


so that A the density at the pressure w is given by the 
equation 

i 7 t , 

£ . a*/ A\0 ' 

the density /> of the complex gas at this pressure is given 
by the equation 

IT 


/> 




m that 
and therefore 

and 

since 


r t / )- & 
i +* rtf l) ' 
| 2 

$ + 3*/ 1 

pv (i + at;) A*$ 
pv />- A 
’ A'/; /> ’ 


/?» 3 A - A> 

f AT? /> 


we have 
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so that equation (199) becomes 


where 


Z>(a A-/J) 


W\ - tt'y 

W « *'• 


{0) .Rfi<k{Q). 


(200), 


10*. Before discussing this equation we shall investigate 
the way in which it must be modified if the gas does not 
obey Boyle’s law. 

Formulae connecting the pressure and volume in such 
gases have been given by Van der Waals (Die Continuity 
des gasf or migen una Jliissigen /ms/ and os) and Clausius (Wiet. 1 . 
Ann. ix. i>. 337). 

Van der Waals’ formula, which is rather the simpler of 
the two, is 

RO a 
p v~b v 8 ’ 

where R is the value of pj\d) for a perfect gas of the same 
specific gravity, and b and a constants depending upon the 
nature of the gas. 

Clausius' formula is 

RO k 

P v~a~0(v + f}y' 

where R is the same as in Van der Wauls’ formula for the 
same gas, and a, /£, k are small constants depending upon 
the nature of the gas. We shall now investigate the differ 
ence produced in the state of equilibrium of a dissociable 
gas if it and the components into which it is decomposed 
obey Van der Waals’ law instead of Boyle’s, 
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Let the fundamental equations of the complex and 
simple gases be respectively 


and 


where 


P 


A\0 a x 
?• ~ i\ v* 1 


/ 


n, 

/• ■- /q * 


A' a - aA' t> 


an before. 

Then we can easily prove that instead of the term 


IRM log?" 

P 

in the mean Lagrangian function, we have the term 

where p is the density of the complex gas ; with a corre- 
spending term in the expression for the Lagrangian function 
of the simpler gas. 

The condition 


will now lead to the equation 

so M + 

- #J> | log ( » ~ V') + log P "> - , + 2«>/> - 

+/ W -/* (0) - 0 (201) 

and not to the equation (nj8). 
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Equation (201) may be written, since A\ 2 A*,, 


Efi \ 


A 


log v + log - 

(' - kX ) 


I - » t * 

v 1 (>« 
3 + 1 () K .. 

ro 


I 2 

■> — 

f . A V 


1 '■/' t />. 

* *1 # 


2(^ -^»;) +/i w y< {0) 


Wi - »v 

* Now if we suppose tluit the deviations from Boyle’s Law 
are slight, so that />, and ^ are so small that their squares 
may be neglected, we may write this equation as 

* a (ft i <V £ « (W| *- aA) * (w*i «•*) 

7^ ^ W € « A# * # (30 j); 


since f/M^ is approximately equal to pV/> and a t and /* 
are both small fractions while / 10“ if the pressure is one 

atmosphere, equation (202) may be written as 
t («n m) 

*(<>)* A ' # - 

an equation of the same form as when the gases obeyed 
Boyle’s law. The connexion between the masses of the 
complex and simple gases and the vapour density of the 
mixture will not however be the same as when the gases 
obeyed Boyle’s law, and so the relation between the vapour 
density, the pressure and the temperature may he different 
although equation (202) shows that the relation between the 
masses of the dissociated and undissoeiated gases is the 
same. 

It would be an interesting problem to find an expression 
for the vapour density of the mixture in terms of the masses 
of the two gases in this ease, we shall not however stop to 
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investigate it as it would not he of any use for the purpose 
of connecting theory with experiment, fur in determining 
the vapour density from the experiments Hoyles law was no 
doubt assumed. 


to2. Formulae corresponding to equation (200) deduced 
from thermodynamical considerations have been given by 
Willard Gibbs {Equilibrium of l leteroge neous Substances, p. 
239) and Holt/mann (Wind. Ann* xxu. p . 39, tKH 4). 

Thus according to Gibbs 


p{D™ A) 1 
D) 


cA (”° 3 ). 


this agrees with (200) if (&) is constant. 
According to Holtzmann 


D (aA - /)) 


ak • 


(204), 


and this agrees with (200) if ( 0 ) is proportional to 0 . 

Gibbs in his paper (** On the vapour densities of pet 
oxide of nitrogen, formic acid, acetic add and perehloride of 
phosphorus, 0 American Journal of Science and Art, xvm. p, 
277, 1879), discusses the results of experiments on the vapour 
densities of these substances at different temperatures and 
pressures and has found that they agree fairly well with the 
results calculated by formula (203). Quite recently however 
K. and L. Natanson have made a most elaborate investigation 
of the vapour density of nitrogen tetroxide at various tempo 
ratines and pressures (WiecL Ann . xxvn. p. 306). They 
found that so long as the temperature remains constant the 
vapour density of nitrogen tetroxide at different pressures in 
given with great accuracy by the formula (200) but that if the 
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temperature changes the difference between tile observed 
results and those calculated from either Gibbs* or Holt/- 
nmnn’s formula, assuming that the quantity n which occurs 
in it is constant, is greater than can he accounted lor 
by errors of experiment. Part of this difference may wise 
because the N/) 4 does not obey Hoyle’s law. The differ' 
cnees seem however to he too great to he explained 
altogether in this way, and a value of ( 0 ) different limn 
that adopted by either Gibbs or Holt/mann would probably 
fit in better with the observations, 

103. In the Philosophical Magazine fur October, 

I considered the question of dissociation from the point ot 
view of the kinetic theory of gases, supposing that the 
complex molecules are continually being broken up while 
the simpler ones are continually combining, and that the gas 
attains a steady state when the number of complex mobs tiles 
broken up in the unit time is the same as the number formed 
in that time. It is shown that, using the same notation as 
in 4 $ 99, these conditions lead to the equation 



if, and only if, the average time a complex molecule lasts 
without splitting up into simpler ones, is independent of the 
number of molecules of the gas in unit volume, Huh will 
evidently not he the case if the breaking up of the complex 
molecules is due to their collision with other molecules, tor m 
this case the greater the number of molecules the greater the 
number of collisions, and therefore the shorter the time the 
complex molecule lasts. Since the results of a large nuinbet 
of experiments prove that equation (400) hold * when the 
temperature is constant we conclude that the dissociation of 
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the complex molecules is not due to the collision with other 
molecules, We have however deduced (.too) from mechanic 
cal principles which hold whenever the two gases obey Avo- 
gadro’s law and whenever the pressure produced by a mixture 
of gases is the sum of the pressures which would be produced 
by enrh of the gases separately if tin* other were removed. 
Hence we conclude that when we have a gas some of whose 
molecules ate complex and keep breaking up into simpler 
molecules which after a time recombine to form the complex 
molecules, then if the splitting up of the complex mole 
cities is due to their striking against other molecules, the 
pressure due to the gas will not be the sum of the pressures 
which the dissociated and undissoeiated gases would produce 
if each were by itself in the vessel. 

104. We shall now consider how external influences 
may modify the amount of dissociation which takes place in 
some given gas at a given temperature and pressure. 

If we denote rf!v( by k and use k as a measure of the 
amount of dissociation, then if the Lagranginn function from 
some external cause is increased by x we see by equation 
(198) that Sk the change in k is given by the equation 

A o (30 5 ). 

dints if x increases as ( diminishes- that is m dissoci- 
ation goes on Sk will be positive, that is dissociation will go 
on further than it did in the undisturbed state. This is 
another illustration of the general principle stated in ff 84— 
that any slight alteration in the conditions under which a 
system is placed which increases the rate of increase of the 
mean Lagrangian function with any change in the system, 
will cause that change to go on further before equilibrium m 
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attained than it had In d*» in tin* nitdi-nmU d and 

vice verst i 

We shall nmv « (insider the etii « ti nr* '.'Knit *<l •»»< •» 

things as snrfate tnr.iuii, etn ttttn alnni, the <• *»» 

other gusts, t (irresjininliiig t>* tluf.e we i on adered »t« I hr 
analogous cast? of evaporation, 

105, Effect of surface tension upon lUmmm 

tion. Though the* efietts of surface tension ate nut strut ly 
80 prominent m gawes as in li*|Mids, stdl* smcc their o prtP’* 1 
continuity from the liquid to tf*t- gaseous stale* wr should 
expect that the outer layer of molecules **i a gas whit h wm 
not in the “perfect” condition would like the «mici Ujrei m a 
liquid he under different * ouditiom* from the uthet m* 4 o ulr», 
and would therefore not possess the same amount *4 mrtgy 
as the same number of nmleettlen in the nmbi ot the gas. 

In Van tier Waal*’ theory of the lelatum between the 
pressure and volume in an ituperfe* t gas, the smith *4 win* h 
is expressed by the relation 

(/♦;',) e /.) A'o, 

the term itjv* is due to the a* turn of the Mutate trillion *4 
the gas (Van tier Wauls, I he < \utUmuU%t dn ws,yn 

und Jtiksigm Aushmis t p, 44), 

Though it is much mote difficult to detect the onlnnr 
of the action of surface tension expcrimrutallv m gases slum 
in liquids there* is still some evident e *4 it * r%*Mrmr lorn* 
experiments stub as those of lP«v»cha on tin* Punts $#i 
clouds of fog and tobacco smoke. 

There must therefore be a term in the e%ptevunn h*t tbr 
potential energy of a gas proportional t»* its sutler W«- 
xhall write this term 

7: V, 
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where T b the quantity eorrenpouding to the 'airfare tension 
and S in the area of the surface of the gas. Tims the change 
X in the Lagrangiun function, 8 104, is 

- 71V, 

no that by (305) 

wf '<*»> 0 (.>06), 

dims, if the surface tension diminishes im dissociation 
goes on, in which ease d 7 h it is positive, the disxoc iation will 
be greater the larger the surface of the gas, We should 
expect a priori that the surface tension of the dissociated 
gas would be smaller than that of the undissociated, for in 
most cases the dissociated gas approaches more nearly than 
the other to the state of a perfec t gas : thus in most c ases 
dTd§ will be positive, so that dissociation will be fac ilitated 
by increasing the surface of the gas, 

Let us now endeavour to form a rough estimate of the 
magnitude of this effect. According to Van der Waals the 
energy of unit area of surface of gas is measured by 

Mt 

r* * 

where x is a distance comparable with moleeulnr distances, 
Now for a cubic centimetre of ether vapour at o ,$ C. and 
under atmospheric pressure <t!v* is a pressure of about 
324 x icT 4 atmospheres, or in absolute measure 3*24 * to 4 . 
If we take the molecular distance a as 10 \ we have 

ro < 3*24 x to 4 

3*24 x to “A 


7 , xa 
* § 
tr 
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Now by equation (206) 


$A 

A 


l d 

Kfi dt 




In order to form a rough estimate of the value of tTTjdi , 
let us suppose that the complex gun possesses surface 
tension but that the .simpler one does not ; this k an 
approach to the truth, as the value of a and therefore of 
the surface tension is very much greater for complex gases 
than for simple ones. Let p he the density of the complex 
gas, v the volume in whirl* it is contained, then 

i <> 

Since the surface tension varies as <///'*, it is proportional 
to the square of the density, so that 


and tints 


so that we have 


t d T i dp 

r dt p dt 

2 

Vp ' 

c/7 1 iT 

dt vp * 

2 ST 
A A\Op v 


.(207). 


Now at the atmospheric pressure, at which we reckoned 7 \ 
A\Op t o*\ 

and substituting for T its value, we have 

SA tS 3 . . . 

A v to 1 
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If the gas be supposed to be a film of thickness /, then 

8A 1.2 

A /x to H * 

so that if the thickness of tin* him were comparable with 
molecular dimension, say if t io" ? , then the surface 
tension would produce very large effects. 

This example may be suffic ient to show that if we have 
the gas in thin films surface tension may produc e n very eon 
siderable effect ; suc h films occ ur adhering to glass fibres or 
to matter in a fine state of division, such as spongy platinum 
or charcoal. The value of 7 * given above is only part of the 
surface tension of the surface of con tad of the gas and the 
solid. The surface tension of the surfac es separating A and 
B is due to the energy of thin layers of A and // next 
their junction differing by a finite amount from the energy 
possessed by equally thin layers in their interior. The ale 
normal energy of these layers is due to the want of symmetry 
of the action on the two sides. In the preceding investigation 
we have calculated the part of the energy of the layer of one 
of these substances arising from the effects produced by its 
own molecules, in addition to this there is the energy arising 
from the action of the glass on the gas m well as the energy 
in the thin film of glass, dims the value of the surface 
tension may be much greater than that given above and the 
effects due to it may therefore be greater than our estimate, 

i ©6. The value of T may depend upon the substance 
to which the film adheres, and thus the nature of the walls 
of vessels used for chemical experiments may affect the 
chemical combination which goes on inside them. Van 't 
Hoff has described some experiments which seem to show 
that effects of this kind do exist. He shows ( Etudes dt 
Dymmiqm Chimiqm , p. 56) that the rate at which the 
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polymerization of cyanic at id mt is u$« re. cob I »y 

inereamng tin* area of the walls of the vessel m u !u« h it is 
contained, the volume bring kept < oiistanf dim * when 
the arm of the walls was increased mv turn 's the rate of 
polymerization was increased m tin- ratio of ,$ to 4, Hr 
also found that; when the walls of the vessel were « uv< n d 
with a deposit of eyauirhde the tale of pohimnzafmn of 
cyanic add was im reused threefold, V« tot Meyer loo 
found that the decomposition of * athouu at id take-* plat e m 
a porcelain vessel at a temperature several hundred degree** 
lower titan in a platinnm vessel When the etfrt Is produced 
are of this magnitude, it is doubtful whether they tan be 
due to the idle* t of satiat e tension, bm tt is pnibabfe that 
in the case of many < atalytic a* turns, where we have thin 
films of gas, the rife* is observed might be explained by 
considerations of this kind, 

107, Effect of Electricity upon DiNNocmtsufi, 
When there is no electric discharge ele« tutu alum will not 
prodttce any effet t upon the final state of the system* unless 
the Hpedfte inductive capacity of' the gas changes as deem 
elation goes on, As all the specific imitative mput utes 
of gitNits which have' been determined ate very neatly espial, 
the effect ol ele* fiifimfiou on dmrni ration must hr very 
mrmll* and we shall not stop to tletermine it, 

toH, Effect of it neutral gun, If the properties of the 
neutral gas ine not affected in any way by the present e of t In- 
ga# which is dissociating* the value of the mean Lagrangian 
function of the neutral gas will not change as dtssoMaftou 
gnus on, lire presence of thin gas will thneforr not alien 
the maximum amount of disso* imion. The present c of a 
foreign gun certainly alters the rule of dhsudaiitni* am! 
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in some eases the experiments seem to show that it does 
alter the maximum amount of dissociation. This is contrary 
to the result we have just arrived at, and the only way of 
reconciling the Uvo is to suppose that the gas is not per- 
fectly neutral hut has its properties affected to some extent 
by the pieseuee of the other gases. If the dissociation 
were at all catalytic, we might explain the action of the 
neutral gas by supposing that by itself forming a film on 
the surface of the vessel it prevented to some extent the 
dissociating gas from doing so. 

toe;. In the preceding investigations we have assumed 
that the complex molecule splits up into two molecules or 
atoms of the same kind. In some cases however the 
constituents into which the molecule splits up ate different, 
as for example when Vi \ splits up into VC\ A and Cl r 

We can easily modify the preceding investigation to 
suit cases of this kind. 

Let us take the dissociation of phosphorus pcntachloride 
as a typical case, and let £, >/, £ be the masses of IH !l ft , I*C1 B , 
and ('!„ respectively. 

Then the mean Lagnmgian functions her these gases are 
respectively 

wi« g^- ■*•</,(*) a.-,. 

1<»K + v/,W " 

log OT)-c»v 

Now iff,, f„, f„ arc the molecular weights of these gases 
respectively, then since the increase in the number of mole* 
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cult's of PCI, is the same as that in the number of Cl 2 and 
to the decrease in the number of PC1 6 , we have 

; ; _ dj) ^ _ dt 
€ \ c * 

where dfy, dl are the alterations in the masses of PCl ft , 
PCI, and Cl a respectively; hence, remembering that 


c^ l = c a A a — 

we see that the condition 


leads to the equation 


dll 

<w~° 


vi 




€ 


(208), 


and thus r}(/£v is constant as long as the temperature is 
constant. 

Let us suppose that the values of £, rj, £ before dissoci- 
ation commenced were £ 0 , t/ 0 , £ () and that the mass c x p of 
PCl^ gets decomposed, then we have 

£ r ~ *" 


t = + 

and the cciuation to find p is 

O'?,, + *,/>) (4 + 4,/) = kv (4 - ',/) ( 2 °9)> 

where is a function of the temperature. 

We shall now discuss the effect upon p of alterations in 
the values of v, i)„ and £„• 

Differentiating (209) we get, writing y for 


V« + C *P 


J. 

4 + 


T. II. 


14 
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tip 1 
^ (it* v 

(3 tO), 

dp i 

y < / 'h, >/„ 1 <J‘ 

...-(in). 

,!p { 

y < L • < ,/• 




We net* from (jio) that #// Jt* is positive, so that dissociation 
will he promoted by increasing the volume in which a pi vert 
quantity of pan is routined From equations (ait) and (iti) 
we see that both *// #/»;„ ami tip-’t/C, are negative* so that the 
presence of free PH, and Cl^ tends to stop the dissociation, 
WitrU pro vet l experimentally that there was very little 
dissociation of PCI, when it was plat ed m an attuosphere of 
PCI,,. We can also see from general prut* iplcs that t his must 
be so, for as soon as the molecule P< '\ % breaks up the bee 
chlorine will he surrounded by such a tmdtitude of mole 
cities of PCI., that most of it will recombine and form Ft T» 
and in this way stop the dissociation, 

In thin rase* as in the former, theory indicates that if 
there is no catalytic action the presence of a neutral gas 
wotdd not produce any effect. 

In some rases, though the results of the dissociation 
are in the gaseous state, the body whit h dissociates is in 
the solid or liquid state instead of, as in the previous 
instances, the gaseous. The dissociation of Nfl 4 S inter 
II, ,S and NH 4 is an example of this kind. 

We have only to slightly modify the preceding work to 
make it applicable to this case, Let as before ( be the mas* 
of the dissociating body. *} and { those of the components 
into which it in dissociated. Then the mean Fagmngian 
function for the solid or liquid dissociating body is try $ (Hi) 

(yfiiiAm ir*v 
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The mean Lagrangian functions of the gases into which 
it dissociates are respectively 

yA\0 log 7 '^" i r]/' t (0) r)w t , 

uml (A\0 log Vl ’" .*■ £/, (0) - i?.'-. 

Then from the condition 



we get, since d$ . - (dfy + </£), 
//?> x 


and 


<iy dt 

c, c , A ’ 


where c t and r 9 are the combining weights of the gases into 
which the solid dissociates, and <r the density of the solid 
or liquid 




<i>, ( e ) « 






g)( n f *) r 

v a <V try 


It follows from this equation that, as before, dissociation 
is hindered by the presence in excess of either of the results 
of the dissociation. 

In this case the dissociation would be affected to a small 
extent by the presence of a neutral gas, for if the system is 
confined in a (dosed vessel the volume of the solid or liquid 
diminishes as it evaporates, the neutral gas above it expands, 
and its Lngntngian function therefore increases. Hence 
we see by § (84) that the presence of the neutral gas will 
increase the dissociation. 


212 


DYNAMICS. 


By an investigation similar to that in § (%) we am 
easily show that if k denotes the value of and 8 k the 
change produced by the presence of the neutral gas, then 

8k « 

K C Vtr ’ 

where € is the mass of the neutral gas, c its combining 
weight and tr the density of the solid or liquid. Since #/r<r 
is the ratio of the mass of the gas to the mass of the same 
volume of the dissociable solid, we see that the effect 
produced by the neutral gas, unless its pressure amounts 
to some hundreds of atmospheres, is extremely small. If 
we take the case of sal-ammoniac, where tr is about i’5» 
we see that for a pressure of too atmospheres 

8k . * 

*3 approximately, 

so that if the pressure were increased by about 3*3 atmo- 
spheres the change in k would be about one per cent. 

no. Dissociation of Salts in Solution. We have 
seen § 92 that Van ’t Hoff has given reasons for believing 
that the molecules of a salt in a dilute solution exert the 
same pressure as they would if they were in the gaseous 
state at the same temperature and volume : and that the 
mean Lagrangian function of the molecules in the solution 
is therefore the same as that of the same number of gaseous 
molecules. We might therefore expect from analogy that 
in some cases these molecules would be dissociated though 
the effects of this dissociation might not he so recognisable 
as in the case of gases. Many cases of the dissociation 
of salts in solution have been observed, sodium sulphate 
and the ammonium salts are well-known examples (MmV» 
Principles of Chemistry , p. 367). Indeed the theory has 
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recently been started that in dilute aqueous solutions the 
absolved acid or salt is in most eases dissociated and that 
to a very considerable extent ; thus it has been stated that in 
dilute solutions of HO much as 90 per cent, of the acid 
is dissociated. The reasons given for this conclusion do not 
seem to me to be very convincing, and the experimental 
results cm which they are based seem to admit of a differ- 
ent interpretation. The supporters of this theory urge 
that for the salt to produce the effect which in some cases 
it does, it is necessary to suppose that the molecules of the 
salt exert a greater pressure than they would if they 
occupied the same volume at the same temperature when in 
the gaseous condition. This reasoning is founded on the 
assumption that all the effects due to the dissolved salt may 
be completely explained merely by supposing the volume 
occupied by the solvent to be filled with the molecules of 
the salt in the gaseous condition. Now though we may 
admit that the salt does produce the effects that would be 
produced by this hypothetical distribution Of gaseous mole- 
cules, still it does not follow that these are the only effects 
produced by the salt. The salt may change the properties 
of the solvent and the effects attributed to the dissociation 
of the molecules may in reality be due to this change. The 
investigation in § 97 proves that this must be so in some cases, 
for we saw that the effects of the addition of salt on the 
compressibility of the solution were much too large to be 
explained by any amount of dissociation. 

In the case of the dissociation of salt solutions the proper- 
ties of the solution might alter as the dissociation progressed. 
Thus the dissociation might alter the surface tension of the 
solution, in “which case the amount of dissociation would 
depend upon, the shape and volume of the solution \ or it 
might alter the coefficient of compressibility or the volume 
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of the solution, and then the amount of dbioriation would 
be influenced by external pressure. In fact the dissociation 
of the dissolved salt would probably be much more Nine 
ceptible to external physical influences than the dissociation 
of a gas. We shall however discuss these as partic ular 
cases of the next investigation, whic h deals with a much 
more general case of chemical equilibrium between either 
gases or dilute solutions. 



CHAPTER XIV. 


GENERAL CASK OF CHEMICAL EQUILIBRIUM. 

m . The case we shall consider in this chapter is the 
equilibrium of four substances A, 1J 9 C, JJ, either gases or 
in dilute solutions, such that A by its action on B pro- 
duces C and D, while C by its action on D produces A 
and JL 

A well-known example of this kind of action is the case 
in which the four substances //, B, C, D are respectively 
nitric acid, sodium sulphate, sulphuric acid and sodium 
nitrate : the nitric acid acts on the sodium sulphate and 
forms sodium nitrate and sulphuric acid, while the sulphuric 
acid acts on the sodium nitrate and forms sodium sulphate 
and nitric acid. 

The problem we have to discuss is to find, when any 
quantities of four such substances are mixed together, the 
quantity of each when there is equilibrium. 

Let £, % £, € be the masses of the substances A , B , C, 
/> respectively, w# w A the mean potential energy of 
unit mass of each of these substances, w the mean potential 
energy of the mixture. Let us suppose that each of these 
substances obeys Hoyle’s law; and p denoting the density 
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of any one at the temperature fi and pi* ' sure p, irt the 
fundamental equation *4 J L* 

t A\tA 

tlmt of ft p 

that of C p A* j*tt* 

ami that of /> / 

Then the mean hagrungian turn 11**11% **t //, c 1 ami /* 

are respectively 

WfiH * e «» (i«,. 

yftfi l< >g ; w 

**,«>»« ? '£ > oi««> 

•## 

1 #/, {til *ti\ t 

where r in the volume in which the sitlotan* es are tottthird. 

The above expressions represent the meat* Lagraisgt.ttt 
functions equally well whether the *nih?*tam e* J, /*, f*» /* 
are gases nr dilute solutions prove le* I the solutions are n* 
dilute that the molecules of the Milistames diHwtved in 
them exercise the same pressure its they would if placed at 
the same temperature in the same volume when empty, 

If we are considering solutions vvr shall require the 
mean Lagrangian fitttr -turn of the solvent, tot the properties 
of this may alter its chemical romhiiutiuti goes on. If w H 
the mass of the solvent, it\ the potential rtteigy «t unit mass, 
then its mean Lagrangian function will he of the form 
vy§ 1 ir/^($) w 

We must now investigate the relations between flu? 
changes in 1 m ehemieal actum goe< on, 
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Let us denote by ( A) the molecule of the substance A, 
with a similar notation for the other molecules, and let the 
chemical action which goes on between the four substances 
be represented by, 

a(A) + b(H) c(C) t d (/)) (213). 

Thus, in the ease of the mixture of sulphuric and nitric 
acids, sodium nitrate and sodium sulphate, since the equation 
which expresses the reaction is 

2 H N O. f Na.SC > 4 I I a S0 4 + 2 NaNO # , 

if the molecules of nitric acid, sodium sulphate, sulphuric 
add and sodium nitrate in the solution are represented 
respectively by UNO., Nn.SC>* H.SO* and NaNO„, then 
it a, b 1, c 1, d 2. If however the molecules of these 
substances are represented by H.N.O., Na a S() 4J H.S() 4 , 
Na.N.C),,, then a b c d x. 

Titus we see that it is necessary to know the structure of 
the molecule as well as its relative composition. 

From equation (214) we see that if a molecules of A 
disappear it must be because they have combined with b of B 
to produce c of C and d of /), so that b molecules of B have 
also disappeared, while c of C and d of I) have appeared. 

I #et 8., 8 M ,8 4 represent the relative densities of A , />, C, D 
at the same temperatures and pressures, then • 

A* A A’A A 'A (214). 

If the masses of A , B y C\ D are altered by d£, drj, d£, d€ 
respectively, then the alterations in the number of molecules 
of A, B f C\ l) are respectively proportional to 

d£ dr) d£ di 

a. ’ V V *4 
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Thus, since the alterations in the number of molecules 


are proportional to a, 

1), -A - 

• </ resp 

eetively, we have 


di 

dt) 


tit, 


aft, 

4 

4 

dft. 

So that 


/A/ 

M, ' 



r/f 

f/S, 




4 

_4 

(• 



A 

A 




4 

’4 , 



Now when the system is in equilibrium the value of the 
Hamiltonian function must be stationary, so that if we 
suppose the equilibrium displaced by the quantity d( of A 
combining with the proper quantity of H the change in 
the Hamiltonian function must be zero, lienee we must 
have 

dll , , . 

# m0 

Let us take first the case when A, />', C\ I) are gases, 
then since II is the sum of the mean Lagrongian function 
for these substances the condition (216) with the help of 
equations (2x5) gives the equation 

«W log vp ° - aft,R ,0 + log V, 'j - AH t A \0 

~ log vp * ' + d/tjt - dft t R Ifi log Vp f + dft t A\(f 

+ aftjtf) + bft,f,{6) - Ojtf) - dftjp) - at, ^ o, 
where w ■« + 177/q + (w n + 

Then by (214) we may write this equation in the form 
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p »i tfw 

gy veW ‘ <K°)e AV ' 7f ~ ( 217 ) 

when <f>(d) is a function of 0 but does not involve f, 1?, £ or «. 


1 t 2, In the ease of dilute solutions the equation corre- 
sponding to (217) in easily seen to be 




ti tiw ^ ft dQ 

<f>( 0 ) 7 *‘ I ^ € A' i0 </£ (218) 


where Q In the mean Lagrangian function of the solvent and 

equals 

rry 6 + ir/ 8 (0) - irw,. 


The value of dQ]d £ will be zero if the properties of the 
advent do not change as chemical action goes on; in any case 
since the solutions are very dilute the properties of the 
solvent may be assumed to he changed by an amount pro- 
portional to the quantity of salt dissolved, Q will therefore 
be a linear function of £, ?/, £, c and dQ/d£ will not involve 
any of these quantities, and in this case as in the former one 
we have 


+ A <L( 0 ) V c * d “ a ~ b € R $ dk (2X9) 

c y 


so that the equations of equilibrium for gases and dilute 
solutions are of exactly the same form. 


1 13. The value of dwfd£ measures the increase in the 
potential energy of the system when the mass of £ is increased 
by unity. Now if heat is produced when C and I) combine 
to form A and //, the potential energy diminishes as £ in- 
creases, and when the quantity of heat is large its mechanical 
equivalent may be taken as a measure of the decrease in 
the potential energy. 

If the combination of C and D is accompanied by the 
production of heat, dw/di is negative, and we see therefore 
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that if & o 

£V/£V o f 

or either £ or « must vanish, that is, the combination of C'aml 
will go on until one of these substances gives out* in other 
words the reaction attended by the production of heat will at 
the zero of absolute temperature go cm as far as possible* 

According to Berthelot’s law of “Maximum UWk" the 
reaction accompanied by the formation of heat goes on as far 
as possible at all temperatures, the equation (aiH) however 
shows that this is strictly true only at the zero of temperature. 

For substances which give out large quantities tit heat 
when they combine equation (218) shows that the com- 
bination increases so rapidly as the temperature diminishes, 
that if there is any combination at all at temperatures as 
high as iooo° C., Berthelot’s law will be practic ally true at 
all ordinary temperatures. To illustrate this let us take 
the case of hydrogen and oxygen, where the combination 
is represented by the equation 

2fl a > (\ 211,0. 

Let £, r} f £ be the quantities of hydrogen, oxygen and 
water respectively, then a 2, /> 1, c 2, d o, and equa 

tion (218) becomes 

Ml f i 

£*■ r; v w 

If we substitute for /(()) its value given on page 270 we 
shall find that $ (&) in this case C/0*\ For hydrogen at 
o° C. ^(an x io"‘, and since in the combination of one 
gramme of hydrogen with oxygen 34000 calories are given out, 
dw 

# 1,43 * 10 • 

Let us suppose that equivalent quantities of hydrogen 
and oxygen are mixed together, and that the number of 
equivalents which combine to form water is to the whole 
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number of equivalents of either oxygen or hydrogen present 
initially as x to i, then x is given by the equation 


2 2 dw 

_ = _ € Rtf df 

( i-xf 6“ 

Suppose that at io92°C. one half of the equivalents 
combine, then the value of # at 546° C. is given by the 
equation 

(1 -xf- 2 \ 3 ) 

thus approximately 1 - x = ^ c 


34 

"TT 


5 

So that at this temperature only about one in five hun- 
dred thousand of the molecules will be left uncombined. 
Thus in a case like this very considerable dissociation at one 
temperature is compatible with almost complete combina- 
tion at a temperature not very much lower. 


1 14. 

librium. 


The effect of pressure on chemical equi- 

We have by equation (219) 




— . '1)0+ d— a — b 


a dw 
$(0) € RiedS 


thus if 


a + b-c + d 


the ratio is independent of the volume, so that if we 

mix given quantities of the four substances the amount of 
chemical action which will go on will be independent of 
the volume into which the substances are put. Since the 
chemical reaction is such that when A acts on 3 , a molecules 
of A and b of B disappear while c of C and d of D are 
produced, we see that if a + b = c+d the number of mole- 
cules in the vessel does not change as the reaction goes on. 
This is sometimes expressed by saying that the combination 
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taken place without change of volume, and in this ease, zm 
we have just seen, the amount of chemical combination in 
not affected by the volume in which the combining sub- 
stances are placed. If a i b is greater than #* t #/ then the 
larger the volume t\ the smaller will be the ratio of to 
Now the aetion of (* on /> tends to diminish this ratio, 
while that of A «m /»* tends it* increase it, and if a t i* k 
greater than c i d the number of molecules is increased 
when C acts on J> and diminished when A acts on //» 
Tima we see than equation ( „> i « j ) that when chemical cum 
himtlion alters the number of molecules the state of equi- 
librium depends upon the volume within whit h the substances 
are confined, and that the effect of increasing the volume is 
to favour that reaction widt h is ac< ompauted by an increase 
in the number of molecules. In other wonts, the chemical 
action widt h produces an increase in volume is hindered by 
pressure, while that which produces a diminution is helped 
by it, This is another example of the law Mated in § pH.jy 

1 15. bet its now consider a little more closely some? of 
the results of equation (>toh taking for the sake of simpli* tty 
the ease when a b c J t, 

I art us suppose that the masses of the four substances 
A % A (\ /> before combination begins are 4 * »/*• C V and 
that when they have reached the state of equilibrium a 
quantity o } / of A has disappeared, then by equations (.115) 
we have 


( L ' 

v % • ’ 
t L * «,/» 

* «„ > ; 

and equation (Jiq) becomes 


(C S/Hv« 8 a /») 


*# tin* 

<!> (I))**# >tt . 
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Let us suppose that the quantities of the substances 
mixed together initially were proportional to their combining 
weights, i.e. that initially equivalent quantities of the tour 
substances were taken, then we may put 




V< v« V* £. V- « 


V 


And equation (320) becomes 


if we put 
then 


KkU • /■)* 

W /)* 


tt tin* 

0 ( 0 )« ^ 5 


» f# #//»♦ 

X*.<4(«)«AV./t -r, 


/■ 


/ 1/ 

> P 


and in allied the infinity coefficient of the reaction (Muir’s 
Principle of C/tmis/rv, p. 417). Thus we may write uqtta 
tion (220) in the form 


((„ * kP)(*„ ' kp) 
(C -kP)(% kP) 


/,S 

V, 


(221 I 


where ^ is constant as long as the temperature remain;, 
unchanged. 

The effects due to what are railed “mass actions," that 
is the effects produced by varying the quantities of the four 
substances initially present may In; deduced at once from 
this equation. 

Let Vi he 'he increase in /> when („ is increased by >'i„. 
the quantities ?/„, *„ remaining constant; and lei V,. V.* 

V, he the respective inercases when »/„, <!„. «„ are increased 
by Jh>„, V.. V. respectively. Then we get at once from 
equation (221) 


xv 
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y¥* 

yfy\, 


y¥i 


t>'l» %« 

»/., KP •> ' 

«£, K, 

L • C ' 

. 

« M * 8,/ * 


where y is the punitive quantity 

8, f , *4 f 

I, «,/ * V- V C * 8,/ 


or 


K K ^ 

i * * j* * 

c « 


< V 



We see from these equation** that 8/\ and are 

positive wltiie fyiK aiv M> tliat »»V mmsm* 

in the quantity of A am! A initially present mereases the 
amount of eombination that goes on between these sub 
Ktunees, while any increase in the quantities of (' and /> 
initially present deereases tin* amount of combination* and 
further that the efforts of equal small c hanges in the masses 
of /J, //, (\ /) before eombination takes place are inversely 
proportional to the amount of these substances present in 
the state of equilibrium. 

In the more general ease, where th t\ A */ are not eaelt 
put equal to unity* we may easily prove that 
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and that if be the change in / dm* to an increase 
in volume, everything else being constant, 

v¥ («-w « *>*'. 


where 


y 


A „ 

( v 




here t*$ t / is the mass of A which has disappeared. 


h' 


ltd. 'The expression (jtai) agrees with the formula oh 
tamed by ( tuldhcrg and Waage from quite different principle# 
(see Muir’s Prinei^ies of ('hemistn\ p. 407, and Lothar Meyer, 
Mode men Theorien dor Chemh\ < Imp, xttt). The case when 
et b 0 d is the only one however in which tin* expression 
deduced front Hamilton’s principle agree# with that given by 
Goldberg and Waage, Acc ording to their theory, as given 
in the works we have just cited, the equation (,*u) is 
always true, while according to the theory we have been 
explaining it is only true when a b « 0 d. It would seem 
however that the principles from whic h t htldberg and Waage 
deduced their equations would when a, b % 0 and d are not 
all equal lend to equation (.*19) rather than Uar ), for their 
point of view seems to be as follow#. (Mushier first the 
case when tr b e d i, then in a certain proportion 
of the collisions which occur between the molecules of A 
and A\ chemical combination between A and A* will take 
place, Tin* number of collisions in unit time is propot 
tinnal to the product of the* numbers ot molecules of A 
and //, and so is proportional to it). The number of cases 
in which combination takes plate* may be taken thru-lore 
to he kit) when k is a quantity whit h is Independent of the 
quantifies of /, A\ (\ /i present, In other words, the 
number of molecules which leave* the * 7 , A* states and enter 
those of (' and /> is kit ) ; in a similar way \\r can set* that 
the tmmbet ot molecule# of ( * and /> which hreotur A and 
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B in A ,f £«. Now when the .system in ttt a steady state the 
number of molecules of A ami B formed must be the name 
m the number winch disappear, and therefore 

Hn 

which is (Udd berg's ami Waage’s equation. We * an easily 
see however that the above reasoning is only applicable 
when chemical combination takes place between one 
molecule of N and one of /»\ and again between one of (* 
and one of A or in other words when a /• #* $i t» If 
on the other hand the equation which represents the t hemi 
cal reaction is 

+ <0 » 

then chemical combination will take plac e when one mole 
cade of B is in collision with two eg A simultaneously , the 
number of such combinations will be proportional to */i # and 
not to //£, and thus the number of molecules of A which 
disappear owing to their combination with B inolec utes 
may be represented by kt\C , similarly die number of 
molec ules of /> which disappear and of A which appear by 
the combination of C and /) may be represented by £ ; 

and since in the state of equilibrium the number of molec ules 
of A which disappear must be the same as the number 
which appear we must have 

h,e n*\ 

which agrees with ecjuatiou (in)) but not with (bddberg and 

Wuage’ii equation, 

117, As we noticed before in 1(107), there in some 
ambiguity m to what the molecule of the dissolved salt or 
add really is, For example, lake the case already mentioned 
where the reaction k represented by the equation 
1 1 ,S< » 4 c a NaN C) 4 J I INI )„ + Na,S< \ % 
we do not know whether the molecule of sodium nitrate m 
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represented by NaNO,, or by Na g N a O (} , or whether the 
molecule of nitric acid in represented by 1 1 N ( ) a or IT g N a ( ) (J . 
This point could probably be settled by experiments on 
osmotic* pressure, the lowering of the vapour pressure of the 
solution and the effect of the salt or add upon the freezing 
point. If the molecules are represented by Na g N g O,p H g N g O g 
and not by NaN(\, UNO,, it would be necessary to dissolve 
1 70 and 1 26 grammes of these substances in a litre of water, 
instead of 85 and 63 to produce the effects observed in 
solutions of one gramme equivalent per litre. 

We can however use the formula (219) giving the amount 
of chemical action between these substances to decide this 
point. If the molecules are represented by HN() a , Na g S<> 4 , 
iI tt S() 4 and NnNo fl then by equation (219) tf/fr/ 1 is constant 
provided the temperature remains unaltered, if however the 
molecules are represented by H g N a ( ) fl , Na g S 0 4 , H g S 0 4 , and 
Na g N g ( > tt (or by IIN() U , JNa g S 0 4 , JII g S 0 4 , NaNO a ) then 
«£/£?/ is constant as long as the temperature is unaltered, 
where £, t/, C « are the masses of the sulphuric* acid, sodium 
nitrate, nitric acid and sodium sulphate respectively. 

This reaction has been investigated by Thomsen ( Thermo - 
thmheht Untmuehungm u p. 121) and in the following table 


n 



8 

2.07 

40.5 

4 

2 .(> 

33 

2 

2 *5 

13*05 

i 

3*3 

8 

| 

4.1 

3.2 


4.1 

1.0 


the values of < S /^A «£/£?/» calculated from his experiments 
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for different proportions of the mtbMam -v% t an* given, a is 
tin* ratio of the number of equivalents of sodium sulphate 
to the number of equivalents of untie at id befote ehemitsd 
combination commences. 

It will be seen from this table that when their is only a 
very small quantity of nitric* add prevent initially* formula i 

(a 19) seems to agree with the observation* as well as (jjri), 
but that it ceases tube any approximation when tin* solution 
gets stronger, and that now equation ( 4 ,u ) agrees better ■ 

with the experiments. From this we should c on* hole that 
in very dilute solutions the molecules of nitrie and and 
sodium nitrate may possibly be represented by HN0 lf 
NttN()„ t but that in stronger solutions either they are re 
presented by H a N^ >„, Na a N a O tJ , or else that the molecules 
of sulphuric acid and sotlimu sulphate ate represented by 

JN;i # S 0 4 . FfeffeFs tleteiminatiou $ (98) of the 1 

osmotic pressure produced by a potassium sulphate solution 
suggests that the molecule is represented by ij ( K^SOJ* We 
ought not however to attach as much weight to the expert’ 
meats with dilute solutions as to those with strong* because \ 

in the weak solutions a very small error m the deterimme 
lions will produce a considerable error in the value of 

4 g /iv" «r *iiH t 

If there was any change of this kind in the constitution 
of the molecules as the strength of tin* solution increased 1 

it would probably show itself in the effect of the substance | 

on the osmotic pressure, on the vapour pressure, and on 
the lowering of the freezing point, even though these effects 
were complicated by the alteration in the properties of the 
solvent produced by the addition of the salt, { 

In the ease we have just been considering the 
four substances A, Jh C\ /> were supposed to be either 
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gaseous or soluble. We must now see how the equations 
have to be modified when one or more of the substances is 
a solid* and if we are considering the case of solutions an 
insoluble one. 

Let us take first the case when only one of the substances 
D is an insoluble solid, for ‘example when the four bodies 
are oxalic acid, calcium chloride, hydrochloric acid, and 
calcium oxalate. 

The mean Lagrangian function for D will now be of the 
form 

tyO -f «/( 0 ) - <7 v v 

and the condition 


</// 


o 


will lead to the equation 

y a tlw 

}* , 7«'~ n ' A 4> (6) € A '' 9 

ev v ' 


(222). 


If two of the substances are insoluble solids, as for 
example when A is potassium carbonate, ft barium sulphate, 
C potassium sulphate, D barium carbonate, then we can 
easily prove that 

tf *fw 

f P “^(O) € A ' %0 ^ (223). 


We see from these equations that the amount of com- 
bination which goes on does not depend on the masses of 
the insoluble substances. 


tti), As an example of a case where the conditions 
are rather more complicated than in those discussed in the 
last paragraph, we shall consider a case investigated by 
IloiMtmann ( / /W/d Dictionary of Cfitmfciry % 3rd Supple- 
ment, p. 433) where hydrogen, carbonic oxide and water 
were exploded, and water and carbonic add produced. 
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Here we have to consider five substam oh, Itydfogrn, 
carbonic oxide, oxygen, water, and caibouit a* id , In {, #/, 
«, ir, be the masses of these subsumes respectively, and 

let r Jt lie their molecular weights. 

Let the relation between the pressure /, the density /#» 
and the absolute temperature 0 be for hydrogen 

/- A>. 

for carbonic add 

t ftjif*, 

with a corresponding notation for the others, 

Let the mean Lagnmgian ftmnitm for the hydrogen be 

iftfi i<»k ‘ ■*■ a , («) *>, 

where v in the volume in widt h the gases are confined, and 
n\ the mean potential energy of unit mass oi hydiogem 
The mean Lagrangiau fum lion of the other gases util be 
given by analogous expresxions, 

Now whatever c hanges go on among the various gases we 
have wince the *}uantity of hydrogen inconstant 

f « 

t a constant , 

L d 

since the carbon is constant 

tt w 

+ a constant ; 

*# * % 

since the oxygen is c onstant 

i » t t « ir 
| + r A c - a constant ; 

theme are three e< {tuition* between live unknown quantifies, 
so that if we give arbitrary variation* to two of them the 
variations of the other* will be determinate. 
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Let us choose £ and rj as the independent variables, then 
when r; is constant we have 

r, dir 


ft i ^ iU 
3 , > 


ft 


ft f/ ft 


anti when £ is constant 

r c, <* 




\ 

a///\ 

) 0. 

' qeiumtHUt 

Ww< 


o. 


When the system is in etiuilihrium the mean Lagrangian 
function is stationary for all possible variations, so that we 
must have 

(•*") 

\ ft Jn 

Remembering that 

Aj^ { A^ A A ^ 4 A ft ^, 

the first equation gives 

‘ ( <fw ) 

tf , q (0)<?nW /quotituuu ,(224), 

and the seemul 

| » /#/«q 

’T <A 

where w is the mean potential energy of the mixture of 

gases. 

These are of the same form as the equations I obtained 
from kinematieal considerations alone in my paper on the 
Chemical Combination of Oases already referred to. 

If we divide (2*4) by (22$) we get 

(:£>-©i 

t* V>, W 


(225)* 
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2 1 2 

so that* ns long iih the temperature is runstaut, the ratio of 
the quantity of water formed to the quantity of * at home 
add always hears a eorenant rat ha to the ratio of the 
quantity of free hydrogen to that of free * at home ovule, 
ThK was tin* result obtained by Uorstmann in the ev fieri* 
meats before mentioned, 
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KFFKr rs iW)mi(*Ki> i«v ai.tkkations in tiik 
t*i tvsic:AU fiiNumoNs on tiik c a )t%i* ficiknt 

OF I'liKMlc'AJ* COM 111 NATION: 
i JO. SlNt'K the value of 

n 

<v 

in independent of the values of i\ */, C «* anti ninre when it 
k known the amount of eheimeal rumbination ran he 
determined* it in muvenient to have a name for it, we 
shall therefore eall it the roeflieient of rheintral eoinhimttion 
for A ami A and denote it by k. The more intense the 
ehemieal notion between A and // the smaller the values 
of i % t} in the state of equilibrium and therefore the larger 
the value of k. 

We have by equation (i Jo) 

t* #/p *t tin* 

k 

‘Hie alterations whirh we shall suppose to take plan* 
in the physical eotulitirms ran be* represented hy changes 
$0 it*td $10 in the values of (> and /r% and we nee from 
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equation (aa6) that if M* In* l he co* responding thatigc 

in k 

M* tf iAH 1 ^ *Aoe | . 

* ' K\o ' A 4 /# .H ’ ' '■ 1 

If the Mlbstatues with which we have to deal are gases 
we must put ami equal tu /eft*. We eonsidtued when 
we were discussing dissociation in chapter mv, most til the 
changes in the physical conditions which could influence the 
Htatc of chemical equilibrium in thin t ate, am! the results 
obtained then wilt apply tu the inure general problem we 
lire discussing now, We see lrt*i*i (uj) that any t uu*e 
producing it change in the potential enetgy which increases 
lift any ehemuid at tint) gtien on will tend tu stop thin action 
which will nut have? to go on no far before attaining eqitih 
hrium an it would if the d numbing uuise hint been absent 
and vuy rer.nl, 

We nludl now go on to consider more particularly the 
canes of dilute solutions and the effects produced upon 
chemical equilibrium by changes in the properties of the 
solvent arising from the progress of chemical change, 

i at* Effect of Surface Tension, The first effect 
wc shall consider in that due to the surface tension of the 
solution, We know that the surface tension dr|*emh upon 
the strength and the nature of the solution, so that since 
the composition changes as chemical action goes on the 
surface tension of the solvent and therefore its mean 
Lagranghm function will change, and therefore by the 
principle we have just stated the condition* for equilibrium 
will be altered by the surface tension, 

Let A be the area of the surface of the solution! T the 
surface tension* then the potential energy due to the stirfiu e 
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tension is TA and there in therefore in the expression for 
the mean Lagrangian fimetion the term TA , so that by 
equation (237) the effect of the surfa.ee tension on the 
eoeflirient of chemical eomhination is given by the 


equation 


a d * 
A \0 


Let uh endeavour to get some idea of the magnitude of 
this effect. If c is the molecular weight; of the substance 
whose mass is then since at 0“ ( !. 

| cRfi ri k 10*", 

we have, if for simplicity a be put equal to unity, 


f M, *1 ('I '/’)• 

2* a x to u d$ ' 

Now cd (A T)jdi is the increase in A T when the quantity 
| in the solution is increased by one gramme -equivalent. 
If v lie the volume of the vessel whose surface we shall 
suppose to remain constant as combination goes on, then 


where T * is tin* inc rease in T when the quantity £ is increased 
by one gramme equivalent per litre. Now the experiments 
of Rontgen and Schneider (“ t )berflaehen Spannung von 
Klussigkeiten," Wied. Ann, KXtx, 165) show that T even in 
the ease of simple salts may be as much as 5 nr 6 so that 

^ is of the order ^ / ^ * 

A tty v 

and if the solution be spread out in a film of thickness A 


2$6 

A / r 2 A h<i that 
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1 is of tiu* order f ; 

k to / 

thus if tin* thickness of tin* film is t t oo.*<i i»f a ecntimtitrc 
the vahu* of k in altered by about it per * rut If tin* 
thickness of the.* layer i * comparable with molecular distance, 
say about t * \ thru H* k might he as large as 6. This uf 
course implies that the conditions uf equtbhrinin would 
ht? completely alined, Thus in very thin films tin* m 
fhtenee of capillarity might hr sufficient to modify mm 
pletely the nature of chemical cquilihiium, though we 
should not expect it to do much in the body of a thud, 
li the surface tension tin re.ises as the * hemieul action 
goes on the capillarity will tend to stop the action, while if 
the surface tension diminishes as the a* lion goes on, tire 
capillarity will tend to im tease the at turn, 

Tims the cheinit a! action in a spate such as a thin 
film throughout which the forces producing capillary 
phenomena are active might he very different from the 
chemical action in the saute substance in hulk when most 
of it would he free from the a< lion of sm It forces, 

This point titles not seem to have received as much 
attention as it deserves, hut then* are some phenomena 
which seem to point to the eastern r of such an effect One 
of these in that called by its discoverer laehrei* h 11 the dead 
space in chemical reactions, *' whir h is well illustrated by 
the behaviour of an alkaline solution of chloral hydrate. 
If the? proportion of alkali to chloral is properly adjusted, 
chloroform is slowly deposited as a white precipitate, and if 
thin solution is placed in a test tube, then at the top of the 
liquid there is a thin film which remains quite dear and free 
from chloroform, showing that, unless this effect m due to 



t*IIKMIt*AI. COMBINATION. 


2 17 


gome chemical- action of tin* air, tin* alkali and chloral do 
not combine, or if they do chloroform in not prec ipitnted. 
In fine capillary tubes too, no deposit seems to In* formed, 
This phenomenon could ho explained on tin* above 
principles if tin* surface tension of the alkaline solution 
increases when tin* alkali combines with the c hloral and 
chloroform is deposited, for in this ease the stufare tension 
would increase as c hemical ac tion went on, and would 
therefore tend ter stop this ac tion, Itr Mornkman made 
some experiments in the Cavendish Laboratory cm tin* 
changes in the surface tension of the solution as the 
reaction went on, and he found that it increased to a 
very considerable extent, so that tins ease is in accordance 
with our theory. The thickness of the dead spac e {from i 
to 2 mm. in Liebreieh’s experiments) is somewhat greater 
than we should have expected, hut any want of uniformity 
in the liquid such as that produced by the deposition of 
chloroform itself would inc lease the thickness of die dead 
space, 

Home other effects produced by surface tension are 
dismissed by Prof. I aveing in his paper < hi the Influence 
of Capillary Ac tion in some Chemical I >e< cunpositions " 
( \tmh /'hit, .See, vt. p. 66 )* 

123, Effects due to premmre. Pressure nm pro- 
duce effeets c cf two kinds upon c hemical at item. The first 
is when the volume of the liquid under pressure alters as 
chemical action goes on, the effect of pressure in this case 
is proportional to the amount of the pressure; the second 
effect is when the euelfic tent of compressibility of the liquid 
changes as the chemical action goes on, the effect of 
pressure due to this cause is proportional to the squat e of 
the pressures 

Let uh suppose that /* is the external pressure, r 


f 
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the volume, we may regard dm external prevaue as 
produeed by an external system whose mean f-ig* angian 
function k 

- /V', 


and we have by equation (*Mf ) 


k 


a J 
h\thi( 


(/H 


Thus if r 


iiu'uwH with (, M k 


positive* in other words 


the value of" (v'/fV k increased amt therrlbrr ( amt »/ are 
itjun than they would l<e if there were no external pressure. 
Thus the external pressure tends to stop that a* turn whu h 
in accompanied t*y an in* tease m volume, and vhr trruf, 
la*t i\H now endeavour to form some estimate of the 
probable si/e of this effort. If the molt rules of the 
tmlwtam.e produce the same pressure as it they were in 
the gaseous slate, then at o M C, 


t 0 

Hi) yjt < w'*' 

where * a k the combining weight «f the substance, line* if 
the volume increases by r mbit eetitimetren per gramme of 
A formed we have by (JiH) if the pressure k x atmosphere^ 

M* txya 
k ri n to 4 * 


llte eases in which in general r will have the greatest 
value are theme in which we have some of the bt sliest in 
solution while others are precipitated, if we suppose that 
when a salt is dissolved the volume of the solvent k not 
altered then / will in general be not greatly different from 
unity, and in thin ease we have 


1 


f 

1 

t 

i 


4 
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A* 2 , 3 * l Q* ' 


so that it would rot |u ire a pressure of zac/ac atmospheres to 
change the coefficient of combination hy one per cent, thus 
if the substances taking part in the rent lion have large 
auntiining weights, the reunion will he sensitive to the 
influence of pressure. 

Let us now consider the effect on the chemical equi- 
librium when the coefficient of compressibility changes as 
the chemical action goes on, 

Let <r he the expansion or contraction of the solution, 
k its hulk modulus, v' its volume, then in the expression for 
the potential energy of the solvent there is the term 

JtVk, 

and therefore in the expression for the mean Lagrangian 
function the term 

- JrV*. 

If U he the change in the coefficient of combination due to 
the change in k as the chemical action progresses we have 
by equation (227) 

M (t , B (Ik 
k df 

Now if /* lie the external pressure 
Ktr !\ 


Substituting for <r the value given by this equation we 

get 

U a v f» iU , , 

k a Ay/ x* ,/( 

To get some idea of the magnitude of this effect let us 
suppose that when the mass of A in the solution is in- 
creased by one gramme-equivalent per litre the value of * 
is increased in the proportion of y to t, 
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Then 


i (fa y * to* 
h 4 v * t 

where c in the molecular weight of £, vve have therefore hy 
equation (32c;) 


U 


<n> r 


* ru . 


X* iAV« * 

Now i‘A ',0 ' jm * to***, 

and for water, 

K 3*3 * to“*. 

Ho that if the pressure is x atmosphere* 


M <tx« 


to 


M approximately. 


From the results of Ruutgen and Schneider's expert 
mentH given in § (<>7) we see that v will often he as large 
an t/ to, ho that in tins cane, supposing a unity, the etfeet 
of a pressure of ton atmospheres would he to altet X* hy 
t/to per rent, while a pressure of loo a atmospheres would 
alter it hy 10 per rent, 

If the hulk modulus increases as £ me teases then the 
action of the pressure is to retard the chemical actum hy 
which t increases, 

t a % j. Effect of magnetism on chemical action* 
The magnetic properties of solutions are generally so treble 
that we ('annul expect magnetism to produce any effect 
except upon those which contain iron, lit some of the 
chemical actions however in which iron is dissolved or 
deposited magnetism does seem to affect the result. Thus 
when a solution of cupper sulphate is placed on an rum 
plate copper m deposited and iron dissolved* and if tits* 
plate he placed over the poles of 11 powerful electroanagnet 
it in found that the copper deposit is thinnest over the poles, 
the {daces where the magnetic force is the most powerful 
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Thu effect of the magnetic force in cattily found. Let / 
be the intensity of magnetization of the solution, /' that 
of the iron plate, // and //' the magnetic? forces and H and 
M* the coefficients of magnetization of the solution and iron 
plate respectively, v and v* the volumes of these substances, 
then if k* and k" are constant there is by g 34 the term 

\ ,, v \ in t tilv + //VV 
a IX* k J 


in the expression for the mean Lagrangian function. 

Thus we have by equation (227) 

U a j r tlk' /'* a//7 '\ 

k 3 ^ 1 ' ir )* 

where ir in tin: density of the iron, and f the quantity of 
iron in thu solution. 


Since 


we get 


II k’l, 

//' k"l\ 

u « / r /* tik' \ 

k lA'fi {k"tr~k’ t <l£ V- 


dk* 

Since in practice /*/ k'\r is greater than P vjk* we 

see that M will be positive and will increase with J\ hence 
since k • £v'/i'Vt the quantity of iron dissolved will be 
least when* P is greatest, that is where the magnetic held 
is strongest, which agrees with the results of experiment 

We can show in a similar way that any chemical action 
whic h produces an increase in the coefficient of magnetic* 
lion is hindered by tin* action of magnetic forces. 

If we place a solution of an iron salt in a magnetic field 
where the strength is not uniform the magnetic* force will 
cause the strength of the solution to be greater in those 


16 


T. 0, 
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|>art« of the held when. 4 the h mx h mteime than m lit mv 
where it it§ weak. 

To calculate the magnitude of the rtfect due to that 
eaune let m nuppojic that the notation h contained in two 
vowels connected with eac h oilier by a tithe of Mint It bore* 
and that one vessel in plat ed in a region where the magnetic 
force vanishes, the other in one where n «* eoimuut and 
equal to //. Then if £ mid »/ are the numher of molecules 
of the naif in unit volume of the hint ami second of these 
vessels respectively, we can easily prove by equating to zero 
the variation of the mean latgmngian function for the liquid 
in the two vessels that 



i r *W 

a £>* </( * 


where k the coefficient of magnetization of die solution. 
Hum if the coefficient of magnet i/at ion increases with the 
strength of the solution the magnetic force will tend to drive 
the Halt from the weak to the strong part.** of the magnetic 
field. 


CHAPTER XVI. 


CHANGE OK STATE FROM SOLID TO LIQUID. 

124. Thk nines we have hitherto considered have 
been those in which gases and dilute solutions have been 
chiefly concerned, in this chapter we shall consider the 
phenomena of solution, fusion and solidification in which 
liquids and solids play the chief part. 

Solution. 

125. Let us consider the case of a mixture of salt 
and solvent in equilibrium, and endeavour to find how 
the amount of salt dissolved depends upon various physical 
circumstances. 

Let £ be the mass of the salt, r; that of the solution. 
Let us for brevity denote dp/dO for unit volume of the salt 
by to and the corresponding quantity for the solution 
by to'. Let be the potential energies of unit 

masses of the salt and solution respectively. 

Then the mean Lagrangian function for the salt is 
0 jtadv 4 * £/ (0 ) - £w„ 
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where /, (6) in the part of the mean kinetic energy of unit 
mum which does not depend upon the controllable court It* 
naten. 

If v be the volume of the salt and we put 

jmdp ll?\ 

then the Ingrangian function for the salt may be written 

(Hip i U\ (0) - f»\. 

11 k * mean Lagrangian function for the solution k with a 
similar notation 

+ vA 

where f g (0) is the part of the kinetie energy of unit mass of 
the liquid which does not depend upon tin* controllable co- 
ordinates, ami v is the volume of the solution. We must 
remember that though U and w x do not depend upon the 
values of i and »/ yet the values of U\ w 9 and J t (0) may do 
so as the properties of the solution may and generally do alter 
when the amount of salt the solution contains is altered. 

By the Hamiltonian principle the value of the mean 
Lagrangian function of the salt and solution whim in 
equilibrium is stationary. 

Let us suppose that when the system is in equilibrium 
the conditions are disturbed by a mass Jlf of the salt 
melting, then the change in the value of // i% if <r 
be the density of the salt, p that of the solution, 

f * o , n w A div , 

*•/.<*> 

Since the value of N is stationary this tjuantity must 
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vanish when there is equilibrium so that we get 


O' dto' , 1 d 

f> dr) t) dr) 


•?/.(*>- 


dn> 

O _/,(«) dr, 

<r 0 & 


w x 

—...(230); 


if we knew how the quantities in this equation varied with 
the amount of salt dissolved we could use it to determine 
the amount of salt dissolved when the solution is saturated. 
But though we have not this knowledge and therefore can- 
not use this equation to determine the solubility of a salt 
in a given solvent, we can still get a good deal of informa- 
tion from it about the effect produced by various physical 
circumstances on the solubility. 


126. The first effect of this kind we shall consider 
is that of pressure; and, just as in the case of chemical 
combination, pressure will produce two effects, one de- 
pending on the change of volume which takes place on 
solution, the other on the change produced in the co- 
efficient of compressibility. 

Let us consider first the effect due to the change in 
volume. 

We may suppose that the external pressure is produced 
by a weight placed on a piston which presses on the fluid, 
the mean Lagrangian function of this system is 

where V is the volume of the salt and solution ; the increase 
in this when £ diminishes by 8 £ is 


nn ifnii in thi# vmv tif (jju) w%* Iwvc mm 


ll # 

P 


M 

tit) 


r t 




II 




* << 


du\ 


**. / 


.// 


)m 


•1*1- 


Wt* ihull cmlcuvmir m l*«ul the * lt.ttt#i' in iriiifirriitiirt 
which wmiltl |»rt>iitt<*c the Hftmr rffn l mi tin? *ohtl»iiity ill 
the prmtm* /, 

We limy rrgiml tin? e*|>rt?**imt 


tV M , 
*■ . r 


* ‘ ' !-//.(«)) 


II 






a* it function of (, say /if), then if W lip increase.! l.y S0 the 
corresponding ‘hange «f in t it, by equation (r\t), approxi- 
mutely given by the etjuation 


f(t) H « - ^ (*-, . ,, 0 ; 

this equation is only approximate as we have neglected 
the variations of ii, if, /,<»)/« ami J t (0)j0 with the tent- 
jicrature. 

If Rf, be the change producer! by the pressure /, the 
tenqierature remaining constant, we have by equation (jj i) 


At) *t t 


/ dV 
“ « 4 ’ 


so that the change R0 in the tcmjieraturc which would pro* 
duct* the same effect as the pressure /> is given by the equation 


i 

e 



dw % 

di) 




•> C»J*> 
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Now + rj ~ w x in the Increase in the potential 

energy when unit mass of the salt dissolves ; this will be 
measured by q the mechanical equivalent of the heat 
akorM in this process at zero temperature, or at any 
temperature t if the specific heat of the system does not 
change as the salt dissolves: making this substitution 
equation (332) becomes 


m p 


0 dV 
</ d£ ' 


(333)- 


if the volume diminishes as the salt dissolves dV/d( 
is positive, so that if q he positive the effect of pressure 
is the same as that of an increase in temperature, while 
if the volume increases as the salt dissolves the effect of 
pressure will be the same as that of a diminution in 
temperature. 

The effect of pressure upon the solubility of various 
salts has been investigated by Sorby (Proceedings Royal 
Society^ xti. p. 538, 1863). The salts he examined were 
sodium chloride, copper sulphate, and the ferri- and feme 
cyanides of potassium. He found that when the volume 
increased on solution the solubility was diminished by 
pressure, while when the volume diminished on solution 
the solubility was increased by the same means. This 
agrees with the results of equation (333). 

The results of his experiments are given in the following 
table the fust column of which gives the name of the salt 
dissolved, the second the increase in volume when too e.c. 
of the salt crystallizes out, the third the increase in the 
salt dissolved when a pressure of too atmospheres is ap- 
plied, and the fourth the value of this quantity calculated 
hy (TW) 
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Sodium Chloride 
Copper Sulphate 
Potassium Imrricyamde 
Potassium Sulphate 
Potassium Perroeyanide 

The numbers required to calculate by the aid of f j j j ) 
the theoretieal amount of the alteration in the solubility are 
given below. 

The heat absorbed when the salt dissolves depends iq*on 
the strength of the solution and the temperature, the value 
of q required for our purpose in that who h eorresponds to a 
saturated solution at the zero of absolute temperature; m 
the variations in the value of #/ with temperature are probably 
due to changes in the speeifu heat the effect of these 
changes will be smaller the lower the temperature, we strait 
always therefore take the heat of dissolution for the lowest 
temperature at which it has been observed, though when 
the variation with temperature is rapid this can only be n 
very rough approximation, 

Smtium rfiknuk* 

q at © w C. for a strong notation - ® ^ * 40 * io* 

{Oatwald’* LeMmeit tier AU&tmtintn Vhemk, 11. p, 170), 
Specific gravity rt (Watts* Dklbmty qf Ckmhitv* 
v - P« 33 S> 

According to Cay larvae {Annate tie Citemk ei tie I'hv 
sique, xo p. 3 to, 18*9) the increase in solubility for each 
degree centigrade in 

3S't$ 

Sulphate of topper. ( >u 8 ( ) 4 + 5 H # C ). 


0*57 I") 

»‘0 ; » 4 

.’■51 j ; \,H 

; ,{l ’41 | *’1,14 j 4 4 

S’., ! 4 S45 ; 
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#/ ill *5“C,? f *£ 4' i h to w (Ostwald, Uhrhmh % it. 
* 49 * I»* ^ 5 «)* 

Specific gravity j # j (Watts* Dictionary of Chmistn\ v, 
5 <H> 

Increase of -suit dissolved for it rise in temperature of 
i M (*. ■ 177,1 (Watts* Didionorv 0/ (Vtcmidry, v. 591 ), 


FtTckyonnU 0 / /Woxsmm* 


4/ at f 5” ? 


*44 

j§t 


4 *i * tm) (OstwAld, L?hrtw€h % u. 
P* 353 ). 


Specific gravity rH (Watts’ Dictionary of Chemistry^ 
it. 347 )^ 

Increase of salt dissolved for a rise in temperature of 
i w C!, t*a7 M : ; tt (Watts* fh'itiomtrw it. 347). 


Dohminm xn/fUtM 

^ lit 1 h?i * |*« * 1 o’ 1 (Ostwald, Ishrbuch, n, p. 163). 
*74 

Specific gravity *06 (Watts* Dictionary, v, 607). 

Increase of salt dissolved for a rise in temperature of 
»**(.!, j' 7 « (I *ay latHHue, An no Us do Chomio d do Pitydtpto, 

XL p. jlt| iHf t|). 

I have not been able to ftrnl corresponding data for the 

ferroryunide of potassium, 

An an example of the way in which the effects of pres- 
sure can he calculated from these data let tin take the case 
of sodium chloride; since 13*57/ too in the increase in 
volume when t e,r. of the salt crystallizes out, and r\ in 
the specific gravity of the salt, 

**357 
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Whim the pressure in too atmospheres .uni the temperature 

A ■ to, 

ft - 1HH , 

so that hy cquatiou (3,y) 

^ JHS n 5 K • ( tS7 * 

£•(* . 4 t • M ! u* 

• flW - 4*4" < “ , 

and since the solubility increases 'ij 1 ';* h*t rath degree, the 
solubility K increased by the pressure by %u parts m too, 
Considering the imperfect nature of the data at our 
disposal the agreement between the theoty and the experi- 
ments seems an close as could have been c\pr» ted. 

Ho fur we have neglected the client * 1 1 the difference 
between tin* comptreabibty of the **alt and the solution* but 
as this, maybe very considerable it in net even y to invest lb 
gate thin effect in order to see when it may legitimately be 
omitted. 

If the bulk modulus of the salt is l\ and that of the 
solvent k\ then in the mean I agrangian function of the 
two there is the term 

1 k<*v - * 4*VV, 

j j 

where m 1 adore v and p* are the volumes of the salt anti the 
solution respectively, ami e and / their contractions, 

'faking tins term into aeemmt we find that the condition 
dil 
d( 0 

lead?* to the equation 

o' dii , to if d 

p 




;{ 


fO g 4 * ?/ 


dw t 

tin 


! n 


iV 

’ 4 


1 A* t 

3 A >f 


t a* 
t k'* 4 


0 -’| , 
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nnd if M b the iuereasi* in temperature which would 
produce it 10 same effect m the pressure 

» '*>■£. 

*/ V #4 k <f 1 k 

Sim 0 k' is of the order to 1 **, we see that if the change 
which taken place in the volume of the Halt when it dissolves 
amounts to one per eent, of its original volume the terms 
involving f are not so important ns those involving / if 
the pressure is not more than too atmospheres. For very 
much linger pressmen however the terms depending upon 
/* will he the most important, and in this ease the e fleet 
of the pressure will he proportional to the square of the 
pressure and not to its first power, as in the eases examined 
by Korby, 


1 ay* Effect of Surface Tension upon the 
Solubility. Surface tension may affeet the amount of 
salt required to saturate a solution in several ways. 

In the first plat e the surface tension of the solution may 
change as the salt dissolves; secondly, the alteration which 
takes place in the volume may change the area of the 
surface in contact with the glass or the air, and again when 
the salt dissolves or is deposited the surface of contact of 
the salt and solution may change ; when the salt is pre- 
cipitated as a fine powder this increase in surfac e may he 
very considerable. 

To find the effort of these changes on the solubility, let 
$ be a surface of the solvent, 7 * its surfac e tension, Hum 
in the expression fin the mean bagrangian function of the 
ttotvent there is the term 

-sr.v, 

where the summation is extruded over all the surfaces of 
the solvent. 
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tr t&r 
+ * * 
p 4 


Then we gift by applying tin* same methods as More, 
*/ 


12 t 
tr ' 0 


*n 


wm m 


tile, 

* 1/ . u\ 

t *t ....... 

1! () , /( i/.S 

pmeeeding as in f tih we see th.it the inrreasr eS m the 
temperature win* It would pmdtne thr same etfe* t m the 
surface tension k given by the equation 

* J! e. 14 ). 

so that if TS increases m the salt dissolves the effect of the 
surface tension will be ft* retard solution, while it will 
increase the solubility if TS diminishes, 

Iwt m take as an example the ease when the fluid k in 
spheric al drops and consider the etfe* i of the * hange in 
volume whif li takes plane as the salt dissolves, If ## is the 
radius of the drop and / the increase in volume when unit 
mass of the salt dissolves, then 


4 


{$*<**) 


t dtf 


so that if S he the surface 
dS 


u ■ 

4 4 # 

i# 


and therefore by equation (134) 


m 




rr 
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f # et us take the ease of potassium sulphate, !§#r whit It 
t/» j amt */ t*5 * nA 

#0 ^ r t 

0 *i I’K * ret 1 ** 

*%mre 7’ is about Ht, we have at the temperature of 17** <* 

80 ^ V * approximately, 

hu that if the ra<iius of the tit* *pn was t **tuuu t»f a unlit 
metre 

m •* , 

U* 

arid shirt* the suiuhilhy im teases by j *% for rat It degree of 
temperature the solubility of spray of this fiitetirs** would hr 
diminished by about *6 

In this rant? the rtfert of thr surfarr trunon n very 
Mmiillf hut if the salt were deposited from its solution as a 
very fine powder the r fleet of the in* tease in the aitlai e 
might he mm h more ronntdrmble, 

f ,et m suppose that the salt is deposited in the shape of 
small spheres of radius #/» then 

i/S a 
if l mi * 

anti if 7* he the Htufaee tension of the salt ami solution %%-r 
.shall have 

m T , 

0 mi if 

in Home eases the parti* !e*» in wlm h the salt is deposited are 
tine enough to veafter light, no that their diameter must hr 
nitre’ll lens than the wave length of the blue fays, we may 
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therefore put a m # ; wv do not know- thr value of 7 *’ Inn 
it pmhahly greater than /' for thr suifurr of enntat t 
of air tnnt I thr solution; even though it wne rm greater 
we? should have with these tmmhrt n for |»ui*t vaum sulphate 

Mi % * 

appiuMiU.ildv, 

(i i« 

M) that at jr 7** < \ thr solubility would hr dunged hy ahtitif 
6 q per rent, Thr* rftr» l would hrl|t thr *a!l t«> dissolve 
ami prevent its deposition hum thr solution, ft thr salt 
before solution wan not tit a vr« y finely divided condition 
thr diminution in thr Hurt.** *r caused hy thr solution would 
hr tmit'h lens than the tm tease m thr sutfarr due ft* thr 
deposition of thr sift, s»* that aula* r tension would hr tmirfi 
more dlkariutH 111 preventing deposition fomt thr solution 
than in helping thr aft to dissolve, it would thus tend to 
promote Homelhing analogous to supn saturation. 

I Ait uh now niusidet thr rife* I dur !*» tfir alteration tit 
thr Httrfarr tension *4 thr Huhition with thr tjoanftiy *4 salt 
dissolved. Wr have its hrfnrr 

Mi SJT 

» >/,/(' n.ise 

Ammling to Kontgrn and K* hnridrr ( ttVd. 

XXIH* p« jui|* i HHh) thr .ml u r tension of nil X * ^ ^dniioti of 
potaHHiiitti sulphate is about , j(tr 4 !rr than that of pyre 
water* for this suhslamr wr have therefore, approvonytidy, 

i/r hi * \ 

4 ’ Hr * 

where i* w the volume of solution f substituting this %alitr for 
dTMi in e*|tmtion I j j 5 ) and putting y - 1 5 * 10 A 


m 
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Hint S 

H M'5 x lo" V 

f *« "l approximately. 

It the solution h in a <*yliiulrictal tube of radius a, S/v a/a, 

and therefore 

W 4 , 

0 J0 « approximately, 

The sign is changed because if the angle of contact 
vanishes the increase in the surfaee tension of the surface 
separating the solution mat air hi equal to the diminution 
in that separating the solution and the walls of the tube. 
If we suppose that these cylindrical tubes are of the dimen- 
sions of the potes in such substaueeH as meerschaum or 
graphite, then suae we know by the laws of diffusion of 
gases thiough these substances that the diameter of the 
pores tme*f he comparable with the mean free path of n 
molecule of the gas we may assume that a is of the order 
to ", In this rase 

m t 4 

a mo 1 

so that at the value of M would he about ia tt (\, 

with h in the t use of potassium sulphate in equivalent to 
an increase in the solubility by nearly *' 5 7 „« In most eases 
the Mtt hue tension of the surface separating a solution 
from air im teases with the amount of salt in it, so that 
the salt will hr mote soluble in liquid in eapillary spares 
than in liquid in bulk, 


tdtfwftidbn* 

ij»H. Under this head we shall consider the influence 

of » Itanges to the physical condition on the passage of a 
fitiltMiancr lit tin the solid to the liquid state and vice ?wA 
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This problem has much in common with that of solution, 
but since in this case the liquid and solid are the same 
substances in different states, the properties of the liquid 
will not, as in that case, change as the solid melts. 

Let f be the mass of the solid, by § 81 its mean Lagran- 
gian function is 

0 J d £ dv + ^(6) - , 

where w l is the potential energy of unit mass of the 
substance in the solid state. 

Since the Lagrangian function is proportional to the 
volume, we may put 

6 

where v is the volume of the solid. 

If r) l is the mass of the liquid, v' its volume, w % the 
potential energy of unit mass, the Lagrangian function of 
the liquid is 

0v'& + r)f i (0)-r)W 2 , 
where O' is defined by the equation 

oj%dv-wa. 

The terms /,(#), .4(0) are P arts of the Lagrangian 
function which do not depend upon strain &c., that is, they 
do not involve the controllable coordinates. They are 
therefore independent of the arrangement of the molecules 
and depend merely upon the number of the molecules and 
the kinetic energy possessed by each. We should therefore 
expect that so long as the temperature remains constant 
these terms would not alter much however the arrangement 
of the molecules might change, provided the molecules were 
not decomposed. 
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If there in no external pressure the change in the mean 
Iaigrangtan ftmetion of the soiiil and liquid when the mass 
<if of the liquid freezes is 


where tr and p art? (he densities of the solid and liquid 

respectively. 

11ns change must vanish by the Hamiltonian principle 
when the system is in equilibrium* ho that in this case we 
have 

& (w ~ “ 1 + ^' ^ ^ W ~ <"*> 1 o....(236). 

We may regard the left-hand side of this equation as a 
function of 0, say $ (0), which when equated to zero gives 
0 the temperature at which melting takes place. 

Let m now consider the effect of a slight change in the 
physical conditions. If this change increases the Lagrangian 
function by x and does not affect appreciably the values of 
n/«\ IlYpt we have if the melting point is now 6 4- 60, 

<Ho+m ™;|, 


M ~'!i; ( 237 ). 


or since </>(0) o 

d 

”//r 

Let m consider the effect of pressure upon the freezing 
point. If the external pressure is [> then 

X /(f 1 5”'). 


d 

d£ 


( V + V*) 


t 

tr 


tl X 

di 



and since 


25** 
ho that 


DYNAMICS. 


m 


s 


k: ;> 


Hut from equation (u6) we have 


8 (> - #&• 




and if the heat supplied k just sufficient to melt unit mass 
of ire, 8(> ■ ^ A f the burnt heat of liquefaction atul Sc - * t-> - t/ir* 
hence 


A 



whence if M he the increase in & caused by the pressure / 

" 

comparing this with (347) we see that 
*/$ {$) A 
S " 0' 


mid equation (137) becomes 


W*’" 




So that if the Lagrangian function increases when the liquid 
freezes* the temperature at which freezing fakes place k 
raked, m other wonk freezing k facilitated, This k 
another example of the principle of § M4, 

We see from equation U48) that if the body expands 
cm solidification B§ m negative or the melting point k 
lowered by pressure, if the body contracts on solidification 
W k positive and the melting point in raised by pressure. 
This is the well-known effect predicted by Prof, James 
Thomson and verified by the experiments of Sir William 
Thomson, 

This however is not the only effect produc ed by pre»itre 



on the melting point, there in another effect arising from the 
difference between the energy due to .strains produced by 
the pressure in unit mass before and after solidification. 
This energy is proportional to the square of the pressure, so 
that the lowering of the freezing point from this cause will 
also be proportional to the square of the pressure. 

Let as before p be the pressure per unit area acting on 
the solid and liquid, let k be the modulus of compression 
of the solid, k' that of the liquid, the potential energy due 
to the strain in the solid and liquid is 

■i V £ + 1 / (V + V% 

ho that in the mean Lagrangian function of the solid and 
liquid there is the term 

-/ k <«-»)+ *: (■ - 8 ')} - i vj® - 

where 8 and 8 f are the compressions and and vj the 
volumes, <r, and /> u the densities of the solid and liquid when 

free from pressure. 

If 80 be the rise in the melting point due to this cause 

we see from (239) that 

80 1 //SjS' 1 *8* + t 

0 k \<r { ™ 3 e*u 2 ~K / 

//L. 1 V 

2 k \hr u KpJ 

So that unless A<r ti Kp n the freezing point will be altered 
by an amount proportional to the square of the pressure. 

Let us find the magnitude of this effect in the case of ice 
and water. The only constant of elasticity for ice which 
has been determined is Young’s modulus, which Be van de- 
termined by flexure experiments to be about fix to H, » the 
modulus of compression fc is therefore not likely to be less 
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than 4 s to 11 *. The valuer of thin «|tiautii>- t«*r w»itm is a! unit 
a * to ,H , Substituting these valors tr get 

U! j 

# ha' ,u • 

roughly. 

This arts in the same direction as the effect doe to 
the alteration in volume *m sohdifn atom, Lompating this 
expression with equation h\H)wv see that for pressures less 
than about qooo atmospheres the effect depending on the 
change in volume in the more mipmtant, while for pressure* 
greater than thin the effei t we have jus* hern investigating 
in the larger. If hr is greater than 4> then tins effect in 
the ease of subsum e* which tontract when they solidify 
is in the opposite rlireetion to that wfm h is proportional to 
the first power of the pt ensure* so that m these t m<% the 
effect of pressure Upon the freezing point is reversed when 
the pressure exceeds a critical value. 

ia«>. Effect bf toniton upon the freezing point. 
Let m mtpjiose that we have a cylindrical (mr of ire twisted 
with a uniform twist about it* axis ; it will possess energy 
in virtue of the strain, but if it melts (supjtosc on the 
outside) the water will he free from strain* and w«H not 
therefore possess any energy corresponding to that possessed 
by the twisted ire. Tims the potential energy will diminish, 
and the laigrangiun function therefore increase as the ice 
melts, so that by the principle stated in I H4 the torsion 
will facilitate the melting of the ice, that i% it will lower the 
freezing point 

We can easily calculate the magnitude of this effect, 
Iatt ui§ take the case of a thin cylindrical tithe of tee, since 
in this emit* the strain is uniform, and let ## and h tie 
respectively the external and interna! radii of the tube. 
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/ itn length, n the coefficient of rigidity of ice, </> the 
uniform twist produced by a force J* acting at an arm A, 
then in the mean Lagrangian function of the tube there are 
the terms 

/’/'/</> ”■ Itfn (a 4 ~ l- 4 ) 

4 

Mfy-Wnv («• f b% 
where 7» is the volume of the ice. 

Ko that if 80 be the rise in the freezing point produced 
by the torsion we have 

W ( , CAM*’ .A')} 

‘ { [ - | <A«i" (*' i />*) | '»<(*• ■»■**)} 

If the sides melt equally we have since a and b are 


approximately equal 

d 

dt 

(<t* » b*) 

so that 

m 



a 

2 trk 

since 


dv x 

di <r' 


To get some estimate of the magnitude of this effect let 
m suppose that the cylinder is t centimetre in radius, and 
that *f* *h 1/40. Since Young’s modulus for ice is 6 n w u \ 
/# k probably about a *4 k to 4tt , substituting these values we 
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find 
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0 40, 

ho that 80*.-*68 M r. 

So that in this rust* the » e on the surface would melt 
unless the temperature was lower than ^ ’6K* ( \ 

ijo. Effect of Hurface tension on the freezing 
point. If it portion of a drop of water freezes* the hum 
ation of the ire will ratine a diminution m the miim tt of 
separation of the water and air if the irr rises to the 
surface of the drop, to balance tins however we have two 
fresh hut fares funned when* the ire meets the water and air ; 
the diminution in the fust surface would tend to promote 
freezing, the formation of the other two would tend to prr 
vent it, hut as we do not know the surface tension between 
ire and water and between h e am! air we cannot calculate 
which of these tendencies would have the upper hand* 

ip, The effect of dissolved suit mt the freezing 
point. When a salt solution freezes the salt appears I*.* 
remain behind, and the ice from such a solution is identical 
with that from pure water. Thun when a portion of a rntlf 
solution freezes, the particles of salt are brought closer to 
gether, arid work h m therefore to be done upon them, the 
latgrangian function therefore diminishes, and we see by 
equation (439) that the presence of the salt will tend to 
prevent the water from freezing, To calculate the magm 
tilde of this effec t, let I be the mass of the salt* then using 
the mum notation m before, the mean fatgrangmn function 
for the salt if the solution in dilute is 

o„ 
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a <»3 


where tt\ k the mean potential energy of unit mum of the 
mil. When the nmm of ire in inercaaed by 8| the only 
quantity which change* in the exprenHitm in v* which dimirn 

Mien by 

Thu* equation (jjq) heroine* 


Mi 

0 


* \tiRl 
k t pv' 


m 



where 8 and Bfjti} are the changes in iijp am! 
hue to the Halt. If m be the pressure due to the molecule* 
of nalt in the solution, 


so that 



If we suppose that the wilt doe* not alter the properties 
of the solvent we have 


Mi m 

(i ~ kp ‘ 

Let uh first suppose that the solvent in water; if we 
consider solutions whose strength is such that a number of 
gramme* equal to the formula weight is dissolved in one 
hire of water, then w k about jjs atmospheres, or in absolute 
measure about j 1 4 * ltd, k Ho < 4 * * < ioh 0- 473, and 
P k unity ; snhstmuang these values we get 

Mi - ~ i*rc, 


Raoult, Ammkuk Chunk H At /Vmfy/ze, v, tin ji, 314, tK86, 
found that solutions of tins strength ui many substances, 
elneily organic salts, tro/e at * V\ bm that tin* freezing 
{minis of solutions of sail* and ar id* were generally tower 
than tin* » lie attributed the increased effect to the di* 
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J&f 

Hoeiation of the titdrmlrs , n might hmvrvrr* m in the 
analogous eases we mn*itleretl before, hr thir to the altera' 
lion of the jirofirfbrs of the solvent hv the addition of the 
Halt It wt uilil aUu take j*la* r it there were any tdtemieul 
aetion between the Halt and Hotvrnt of <»m* h 4 nature that 
heat h evolved when the solution is diluted 

When the solvent h aerOr a« id. k 4-1 ' M * 4 * * * to* 
(laindholt and IfornsteiM ! abrlletil $.» 1 and 11 4^0 t 
HUbfitittiting these valuer we get for the lowering of’ the 
Irec/mg jimnt *4 any solution *4 the same strength as before 

*» -i'/r. 

In this rate Kamilt found Ml y^. 

When the solvent t% hen/mr, X 4*1 % 4 '4 % $o ? t |* h$ 
ami 0 J?5» hi > that tile lowering of the ftrr/tng jmtnt of 4 

solution of the natiie strength a** belt ire in 

to- 

Raotilt found in this raw that Ml %m% ,§y f, 

Ramil t found that the effret of dissolved salts cm tltr 
freezing {mints of aeeth and and ben /me was tmtrtt mine 
regular than their effert on the bee/ing |*oum of water* 
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TIIH t’UN HKXtUS HKTWKKN KTKt'TIUlMUTlVK 
ANT) niKMU'AI. tTIANC;i>; 

i ja. Tit i-i principle that when a sy%ivm h in nfttilihrttttit 
the* Hamiltonian fum lion in stationary rati hr applied lit dr 
termini; the eowtejuou between thr drrtrontotivr fort r of a 
battery ami tin* nature of thr thrumal combination wTnrli 
tnkm place when an electric rnrirm through it, 

Wr* Mimlt begin by t onnidetmg UroveS ga% battery, a** 
thin h thr msv where thr chemical * hattgr* wm on thr 
whole; to hr thr Irani » omplcy In thin tunny thr two 
clertrotlcH art? covered with tmrly divided platinum, thr 
ttp|»rr hall of one in uuiouudcd hy some ga*», *uy hydrogen, 
while? thr lower Irnlf dips min acidulated water * ttir upper 
half of thr other electrode in ’ntrtomtded hy watte oilier 
U m * Hii Y oxygen, thr lower half again flipping into at tdu 
lafrd water, Thr two rlrt trode* air writ routed with 
hydrogen and oxygen rmprt lively, If thr rlrnmdrn air 
connected a cuuent wilt flow through thr bulfny anil thr 
hydrogen and oxygen above thr dertfodex will giadnallr 
disappear, while ttir wain will tm mr»r tinting tin* pavugr 
of thr uirrrnt, 

To investigate thr rln trntootive force of a funny of 
thin kind Irt m utpposr that thr electrodes have gut into a 
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permanent condition, so that the gases attached to them are 
licit altered during tlir | visage of the * unmi, let its also 
HUppcm* that tin* electrodes at** « onne* led wilts the plates of 
ii condenser whose < apacitv is f*» these plates bring made 
of the same material Then if unit quantity o I* positive 
deetridty flown from flu* plate ut the condenser which 
in connected with I hr hydrogen elet Mode through tlir* t rll to 
thr other plate* hy Kaudays l aw an electro* fimnrat rqiuva 
lent of hydrogen will appear at thr rlrttrudc otmnl with 
oxygen and one of oxygen at the electrode ♦ oveird with 
hydrogen; the hydrogen and thr oxygen will mintone and 
the result of the passage tit the unit of elrt to* if y will he that 
an deetrcH’hemieal equivalent of hydrogen and one of oxygen 
will disappear and an rle* trot heun* al equivalent of water 
will appear, lire systems whose mean latgrangian tun* lions 
change during this proeess are ft) the condenser, (i) tlir 
hydrogen above one electrode, i\) thr oxygen above thr 
other, and {4) the witter. 

Let (J be the quantity of positive dr* tority on the plate 
of the condenser eonneetrd with the oxygen electrode, and 
let tft £ he the maws of the hydrogen ami oxygen above 
the electrode* and of the a* idnlated water respectively, 

The mean Lagrangruu him turn for the condenser is 

t {** 

a C ‘ 

The mean Lagrangian fmtciimt for the hydrogen \% (f«,. 
where using the same notation as hitherto, 

/.// Kfi 1(. K . f\(U) u'. 

The mean iatgrangian iuiiitiim fur thr u\^rn in »//, 
where 

l„ to,. 



i i m timMortvt t**to i 


lllict for I hr iirifliitilrtl walrf- (f whrvr 

K >*•/.<*)-*% 

Now liiirif unit of rlrt !t|* My |i44*r4 Ifotn I hr one §.4#fe 1**- 
till! otlirr ttl I hr rotulrfinriy thr rlr* fojrhemt* 4 ! 
of hytlro^cit *n t 4tttrii to th* o%y#r«t 40*1 floor * % mdh 

it III mm rlri-tfutlr, whllr I hr rlrt If **r heiot* a\ r<gMl*<»h;'fit *4 
itMyffrtt in cartirtt to i*n*i tiHtthifir* with ihe by*t*Of|< , n 4f I hr 
olhrr d«?rtm4r, I tot** it * t 4ii*t a#r the rlr« <t*** Wtot* aI 

t?t } ti I VII tl? II I ?4 ill tiyilitigru 41 it I t hr net ir toil **I 

the jirorr^ i*i thill Im* uj» 0.10*4 l*% iMilli, i vOi-4 «j 
ilttoiliistiril by #, ufttl rr**j*rr Ovrh, tihilr { ha* mo trjoc4 
by (« ( * Heine b> the jnm* tj«|r that! the I 
function in hittlimmy whr ft thru 4 * <r<|itihhtiM»t» nr tm**f 
hitvt? 

,*(£/<«) m iy/.'i * It. < v .. 4 /«,* 

*i{ thf J’x 1 

but (> f,* i*4 I hr afllMtiitt by nhn h (hr j/olf oim! mV I hr §-h*w 

i omir< tnl to 1 hr n rl*-tf»Mtlr mml'; thjt of the «Htvr 

rotiitrrtnl to the hydrogen rlrt tr*<*tr* n« ofbrg «%"**)-? *t ^ 

the? rlri1rot*ioft¥i? lot* r of Ihr lullrtv* whi* h nr ah;*H * all /, 

henrr 

#/ : ,/ . . , J 

t. j. |4. /- «f 


V’ /J ‘ u - 


If /,* br the mean f ngt oignm fun« <1 Mil **f ittiO 1IIAQ4 <4 

mfitrottH vnjmut above thr m i4 4.u<4 1 * 40-1 .tiol in *o|*o!ihii,Mn 

with it, wr have by 5 H | 

*/ # # $/ 

,, ti/., I ~ , r 4 / i 

*4 *4 

where £* H tbr ff$a**n of fbr 44M* *nr? * ,*f‘mu p 4irt 


Hubumtliug thr nr vahtr* m y ^ * .1 «-r grt 


26H 
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t «,A’,ffbK I* * l«»« l‘- <«, * *J A' 0 lug '* 

t {«, A*, t * t N, (* t * »,) A'jtf «,/,<#> «,/,<»» • <«, * *,)/»<«) 

* '*.«*. * *,«'» (*, * «,) 
lint # 4 A* s ‘ ■ i* % * #,) A\ , 

and by (H|) 

~«i/,W «,/,<#)• (*. * M/W 

in nf the form A to * /M log #. 

I «uHtIy vv, » ye, ~ (« 4 * t # ) re/ 

in the Iomk of potential energy which to eut h when an rlei tor 
chemical equivalent of hydrogen combines with one of 
oxygen itml may he measured hy the quantity *$f brat 
developed hy the combination of an rlet trochenortl cqtttv«n 
lent of hydrogen at the zero of absolute trtu|*efature; w«? 
shull denote it, hy «,«/, making these substitutions wr nee 

to U% f Z * Ato i /Ming# 1 ( h t h 

where A ,-f i t,A* log l# ’ 

tojC 

hence wc have i / «,./ (^4 

Thu* if we know the way in who h / depends upon # we run 
determine r/» mi that hy measurements of the electromotive 
ft nee of it cell and the variations of thin three with the true 
pemftire we eatt calculate the mechanical equivalent of the 
heat developed in the combination which taken pktrr m the 
edl. 

U*V Kquation* (441 > and are not confuted to the 
rim* of the Vm Buttery, We ran prove in a similar way that 
if p m the electromotive three of any buttery where the 
Koluiton* toted lire dilute, then 

p • % x Hp log **'!** 4 A 0 1 M log to 1 fj4j) # 

tr f t , > 


M.M tV> : I 



wheff* # t h liir rlr* lt«n lemm 4 ! >4 h* '•!#*♦ A' 

lilt* V III Ml* rtf /l # I* if lfil‘* ||4^ |# 4 , |* # fli*" ii»;i55v^ ?fs ufiaf * * 

iff (tlMSl* ***) II lilt U 4% tlyr * Ih'Uh* 4$ 4* 

which Jllfitliiri-^ liir < utlrlil n m|i # tiltilr *#_. «# , .m 
I he ltft4**C* in mill Viiliim* **f Itimr ft* hi* h ,i, ;\. f> ./ 

lire ihr ratios **l I lir r!rt lUn hrim* 4l *4 liar .tti’l 

HtiinrrH In that hyiltogrtt, *h* rfr4 |*% the im4r< islm 
ilf the hmIiM.mm r» *y r* the Mir* hmm .4 rm'MYalriM t»! tit*- 
tieill wflirll tl'tiftlil hr rvolvct! 4 1 I hr a!****|u Sr f«-t« *,| friii|^f s s 
tMffJ t»y I he * hefSMt 4 4t UmU w ill* h t.i**r 1 4,n f ttlirtt M«*#< **f 
clrrtririty |*4wcs through thr 1 rll 

hrillfl thin rqUittlOft IV* gr| an hr I* Mr 


k ,J*f Jf 

ff 4 (j * , A . , < 

J(f Jit * * 


!iy v, I irlmfi*4l/-S jum* q«lr $ i.| flg M »•» thr l*** v » 5 
which tnttftt hr Mi|t|)he«l to I hr rr|| m Mf4rf f*i hrrg* || H *. 
temj»enmtrc ttm*utii whet* thr mut **1 $ **#.**» 

through thr % rll* m m other wonU ./## t* thr m* * hmr,* ,4 
equivutaitt of the heat whirl* %% trtrt*ihi? grt»rfmr4 Mom 
unit of drrtfirity through thr * rll Nhm / thr ^*, s | 

in ihiviug qiMittlily of Hr* So* is* shomgh thr **4 
|4«h thr heat frvmihly grtirtmr*l timet l*r r.jts*! <« 

«« # the heat equmtlrttl of the t hrmtt 4 4* in mi *!»»« h s,4»- ■* 
place in thr « rll* hrnrr t*y ( jfj) wr Intr 

J# #/V 

** j H * * u ' inu 


hfrnv $n* mill ty *ifr I hr liir* Imim* 4 I r «|«m Alnsts «| iW 
hrnt itrrrhqinl l*y the *<MMr t t*tsihui4timi tvhrti $t iakm |J ; ^r 

lit till* tf-IM tirillt til r*» It mitt illwilutf frf ** 

the tltffrrtmrr hrtwrH? tlirnr qiimiittirt mtot ih< 
ntir hi twt rtt liir tur* Ii4tiiriil Iritis of thr «|t$niit iiir-d *4 

tint! rcquirnl t» mtw them lt**m wm <0 it th^irm sis th r? f 
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tmnhimd And nmomhittrd Platen, If wr rmn itlrr the 
ruse when two gane* A him I H t mtihiite to imm im» cither** 
C* it tul A then if i- $ t *> <; are the flirt Imhi* *1 equivalent* 
of the ujieefttr heal* it! eutiMaitl voliunr t*f thr«e gu*e*. 
i ? , « 4 , # 4 their tdr« tt«t hrtim at equivalent*, if we %tmt 

with A and H at mo am! law them to a degree* and then 
let them enttthtne, tr dial! *)teml f*^ s * «/ # i f# unit* «f Work 
in rutdng the unt«)*ct»«uitv ami gam *w hy thru * omhiuattitm 
ho that the m l result ns our favour will hr 
tu* (#/, i #/,Mh 

If we let thrm t.miihitir at /rtu trm|H*t4f«tre ami thru 
mined thrm to ff* we shmdd gam **/ and *f*rml {*/, * #/j0 
units of work, hemx stm e thr hahtmr **l work m «ui favour 
mu At hr thr mum* so both raw**, wr have 


mf <«/* * #/d# *u* 

amt therefore hy (445) 


-w,. v, v, 


But hy (441) 


ir^ .. //a 

i/r ' * 


ao that // - #/, * # 4 t #/, #/ # (*46), 

If this combination t% attended hy thr |irodm lion of ntt 
atm hi m of heat tomjtarabtc with that who It mnm whrn 
hydrogen ami ngygrn combine, thro &*£*$£&** who h in mm ■* 
partible math the heat minim! to rake the trtti|irr»ttttr«? of 
the ttubitinnceH # degree* am! i% therefore at the mmt a few 
hundred calorie* per gramme of substmur, mil lie wttitff 
compared with f t which h titc&iuretl hy tiiooHiittik of ealorieiii 
iti that when the combination m attended hy the evolution 
of a large quantity of heat we may at ordinary icfitjwfiittsr© 
neglect & % d % pi£M $ and write 


MJ’iri'UoMui ivi; mm i:, 
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Shire by Datong's and IVlit'n law «*,, * * t , *; s are in 

versely proportional to flu* t ombining weight* 1*1 the gase?* 
A t A, (\ A wr see that whenrver the « omhifsaiion leave* 
1 lit.* number of wolrrulm tmahrml A will vanish ami tl»r 
e* million 

* - 

will hr rigorously true. We see by tin** rtjuahoo that wlirn 
the elcrtromottve forrr im rrunm a* the temperature in 
•lenses the? rlrruntimtive forrr in g« enter, while when the 
electromotive force diminishes ns thr tempera lure hu r«^iw*> 
it is lens limn that tabulated fmm thr formula / #*/* win* h 
is often employed, 

If k hr the eoeflieient of the chemical t ombhutltoti { j 1 1 51 
whirl* goes tm in the ertl, t,r. the value of 

/**>/ 

when the densities of the gases or solution* have the value* 
they possess when it* chemical riphhhrimit with writ other, 
thru since any small change eannot alter the value ot the 
mean I .aguuigiuu function of the gases or dilute solution* 
when in equilibrium* wr get if wr suppose the 1 lumgr in that 
whirl* would fake place if unit of electricity weir to pa** 
through the solutions 

o #, A*fi log k * » fW tog a 1 *»/,,, Ca,$ih 

combining thin with (*45) wr get 

/> ** A '. w | ls ’ K C’;< lw «d 

"f 1<>K * I* *K # \ \ Cti ( 

tt* tr* * % n % M 
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This aftorils a very nx^y method of timlm# thr 

coefficient of any chemical tomhmafum if wr « ,tn matt* a 
cell in which thin « omNmtfmt* fakes jilatr, for thru if wr 
measure the electromotive force ami the ilriiHtt ir* nf the 
solutions rrfiMtiuii (i47) will at omr give Titus the 
Daniell's cell roaMcs m to calculate tin* me flit trot i$f the 
combination 

An * II, so, * t*uSo, /tiso, . M # st) ( * r iJ( 

Herr if p ami o air tin* iturnr* j*rr unit volume of thr 
CuSO, amt ZtiSO, rrnj*et lively when thru* t* chemical 
equilibrium 

higl h*g f * . 

*r I 


so that if /» ami tr‘ are thr demour* of tl»r ihtSO, ami tin* 
Z»S0 4 when thr eietifomnUvr forte e* / wr have 


log k 1 log *\ - ' , 

a r V * s A*^ 

Now at t> M <\ in neatly im* amt / n about to* %«* that 

log 4 ’ - * log *\ too, 

*f t* 

«r #|»|»rminia»ely smee I..i Midmaty xtrrngthi uf wthilion 
ioi/i'/w' in Mttull ftnujiiirnl with i« u 


h’K . P it*>, 

if 

hence we xr that in thin rase when thece in rtjutidtiinitt 
practically at! thr <tu!phtitit at it! gtien i.< thr #itn , 

If wc determined thr elet iminmivc intt p ,*f « ) m ttny 
when trad ‘win* dipped respectively min at it I ■uttultmtn »*f 
lead nitmte inn! lead chloride, we shttuld ite aide hy rtptaitMtt 
(34?) U» iletermine the t neffit irm ttf the at thin 

allr! t I'MXn,),- jHIs'O, . I*M | j( 
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and xti determine the way in which lead divides itself 
between hydrochloric and nitric acids. 

If we return now to the hydrogen and oxygen gas 
battery, o<iuutiun (247) is for this case 

p «,A’,01ogJ’^ ( 249 ). 

We can easily ileducu from this equation the way in 
whieh the electromotive force of a gas battery depends 
upon the pressure of the gases in the vessels above the 
electrodes. If/, is the electromotive force of the battery 
when the densities of the hydrogen and oxygen are p, p 
respectively, /, the electromotive force when the densities 
are <r and </, then we have by (249) 

A -A 3 «, A’,0 log mT . 

I>t> 

If the of the oxygen and hydrogen were 

diminished one thousand times then at the temperature 
crC since «, to *, Rfi rt x io w 

A “A - «** * iCiog, toS 
. » ri x 4*5 * ^'3 x 

1*14 x to 7 approximately, 

mo that the electromotive force in diminished hy rather less 
than the ninth of a volt. By making the densities of the * 
ganett above the electrodes sufficiently small we could 
reverse the electromotive force, though in the case when 
the gases are oxygen and hydrogen the rarefaction required 
would be more than could practically be obtained. 

The diminution in the electromotive force caused by 
rarefaction does not however depend upon the magnitude 
of the electromotive force of the battery, so that in the case 
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of gas butteries with small electromotive forces this tetersal 
might be pruc tii nt»U*. 

The condensation which an ompantrs tlu? eomhmutiou 
of oxygen am! hydrogen diminishes the effect of rarefaction ; 
if the combination were to take place without condensation, 
the diminution in the electromotive four earned |*y 
diminishing the density one thousand tunes would hr about 
one seventh of a volt. 

We see too from equation (a 40) that the electromotive 
force in all cases tends to produce a current the chemical 
action of which would make the demines of the gases 
or dilute solutions approach the values they have when in 
chemical equilibrium with each other, When they have 
these values the electromotive force of the battery h /eto, 
and the electromotive force is in one direction or the oppo 
site according as there is mure or less of some subsume 
present than there would be if the mixtute of gases or dilute 
solutions were in chemical equilibrium, 

Experiments on the electromotive force of gas batteries 
charged with various gases have been made by I her* r 
{IVitdtttMnn'x Awmkfh vtti, p, oKy The fbllmvmg table 
taken from his paper gives the electromotive force of a large 
number of batteries at tf( \ and of a few at jf H #" C \ 

It wilt be seen from thin table that the effect of mt 
Increase in temperature on the electromotive force of gas 
batteries \% very variable, for of the five batteries whose 
electromotive forces were determined at different tempera 
turns* the electromotive forces of three were less and of two 
greater at the high temperature than the low. 



KI.KCTkc IMUTIVH t-'OHt'K. 


2 75 


i;t,M<TuoM<mvi.: korcm at 


IH»C, 


amt II 
amt S t i 
ami Cu, 
amt Kt I 
amt air 
ami if*u 
ml i ‘I ) 
ami l » 
ami l ‘l I 
ami NO 
am! < I 
amt l * 
ami 1 1 
am! t ( 
ami Xu 


if amt 1 1 
II ami XU 
fl ami CO, 


Ouitl forlWtfUM (hn 
* 4 m ImwC* 


walrr 

walrr 

walrr 

walrr 

walrr 

walrr 

walrr 

H.,S0 4 i walrr 
tt,S0 4 i walrr ' 
H,K0 4 i walrr . 
Na^M > 4 i walrr^ 
K ,St l 4 f walrr 
ZiiNO* i walrr 
Z«Sl i, » walrr 
ZiiSC »* i walrr 


Maim m| rlr*r 
tr«a**»aiv«t 
fiarn to thru 
*4 a Haairll, 


*H 74 

*W 

“t;M| 

•a©; 

*8o; 

* 4©4 
■y ift 
"Htjt 
* 7^8 
•fty8 
'tnjH 
* 77 i 
"Hicj 
’M fU 




I and Hr 

I l ami Hr 

I I ami Hr 
O ami Hr 
( i amt l 

1 1 and l 
li and NO 
1 1 and ( ) 

! I ami Cl 
II and C‘J 
1 1 and ( ‘l 
1 1 and O 
1 1 and CO, 
II and No 


Klttitl. 


; water 
| NalJr | waterj 
I KHr I water 

■ K Hr f walrr 
Kit water 
Kit water 

• ItCIt water 
j II Cl t water 
1 1 1 Cl t water 
KC1 t water 

■ NaClc water 
NaCl t water 
NaCl t water 

; Nat! I t water 
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I II and N,U t 
III aiul H,o j 


H<rC 


uain 

walrr 

walrr 


*945 

’*75 


I 


water 

water 


KJmaro- 

mutive 

farce, 


*335 

fiji 

*5 

*057 

•861 

7^5 

*«55 

l\0 

r 3 y 


*780 

‘954 


I lit? rlet tromntiw Umv of the hydrogen and oxygen gas 
battery where **/ 4*4 n 4 ‘a * to 1 in less than that given hy 

the lortmtiu {146) even when the variation of the electro, 
motive fort e with temperature is taken into account, ^ 'Huh 
sroio most probably to arise from the arrangements being 
stall that the complete eombination of the hydrogen and 
mfp^n roiitemplated in the preceding theory would not 
take ptao\ for we see horn the table that the substitution 
of nodulated water for water between the terminals increases 
the electromotive force, this change favours the production 
of o/fine instead of oxygen when the current passes and mo 
ifiu-rasrH the chance of complete combination. 
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In tin* ruse t*| ihr hydrogen and * hlnrine buttery with 4 
solution of* hydrochloric m id In Hum the rU-t nodes, yin 
formula (,‘.j j) will ho the tie.it in me* hand a! units given 
mil in tin* combination of our gramme of hydrogen wttii 
chlorine plus the lir.it given out when pc 5 gratuities ui 
hydrochloric arid air dissolved in a huge *juamoy *4 water. 

Thr gas haltrry will work even if we tour 1 hr same 
gins (nay hydrogen) above thr rlr* trodes provided it e* at 
different prevail es, In thin tarn* on 1 tuning thr * in usi ttirir 
will In* tin change in the volume of thr Inpud between ihr 
terminals, hut when thr unit of rle* flinty p.t *»<»**< ihiough the 
battery mi electrochemical equivalent of hydrogen will hr 
transferred from thr vessel where thr pie* sure r# high Ut 
tin? our when* it is low., Thr rlr* tromotivr finer m this 
rant? is easily seen to hr 

** 

where p anti *r are the densities of thr hydrogen for mygent 
in the two vessels, at this equals 

uf log p *? approvmtalely, 

so that if the density in one vessel \% #* tunes that in thr 
other the electromotive hirer will he our hundredth of ,4 
volt 

In fart when we have any arrangement to which the 
passage of an electric current in a enfant dim non tttrmws 
the hagrimgian function of thr system, flute will hr an 
electromotive force tending to produce a « mteut in tlm 
direction and equal to the increase in thr mean t agtangom 
function produml by the passage of mot of rlr* tticoy, 

134. We can sometime* transform equation hy 
rneim» of the following eotiHictr rat ion*. If we have a tmtitire 
of chemical reagent* in various proportions we ran in mmy 
tmm though not in all find 11 temperature at win* h they 
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would be In equilibrium if mixed in these proportions. Let 
us suppose that it is possible to find a temperature 6 () at 
widt h the reagents constituting the battery would be in 
equilibrium in the proportion in which they exist in the 
battery at the temperature 0 . 

Then by (j*y) 


/ 

0 


qA 1 , log 




and by (346) 


I A + J) log 6 f J, 


« i j i/ilos tf, + .y 

<v ••• 

Subtracting these equations we get 


0 *?G (2S0) ' 

If a considerable quantity of heat is given out by the 
combination which takes place when unit of electricity 
passes through the cell, then at ordinary temperatures the 
last trim on the right hand side of this equation will be 
small compared with the first and we may write equation 
{ jjo) in the form 

t •?(■-*)• 

Am equation identical in form with this is given by Professor 
Willed ( iitilw in it letter to the electrolysis Committee of 
the Itritish Association {British Association Report, 1886, 
ji, qMH). According to Prof, dibits 0 „ is the highest 
temperature at which the rmlieles can combine with evolti- 
lion of bent, while necortling to «mr view it is the tempera- 
tine m which the chemical system forming the buttery 
would he in equilihiium, and us it is not always possible 
to tiinl >111111 u temperature the formula is not of universal 
application. We see that for nil cells to which the formula 
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can lie Applied the temperature eneil'nit-m *«i the eW* *m 
motive force must he negative, an* I the re lute by v, Helm 
hull/'* principle, the pannage of * unmi through I hr • ell 
must he attended hy the evolution of heat Whnt ilir 
temperature e\Nm it e* given hy the equation 

#, '• ^apprmiinately 

Jti 

We shall now investigate under what * tnuhttons it n 
possible to find a temperature /(, at which the system would 
he in equilibrium* We dial! comidri the 4 .nr of the 
equilibrium of four substance** (♦*/), (//>, it *h ( f*l 

If Pi* p s * u> are the densities of (,-th {fh t i t% i !*i 
when there is equihhmini we have Iq equation f p»j 
»* & 

Q log /<5 * //tflogO * ty. 

' »/ < 

Now if e # , e #l are the electro* hemi* at equivalents 
and e t , r sl r„, c 4 the specific heals at * onstant volume of the 
substances (ef), (//)» (0» (/*) respectively, then by equation 
{ 34 O) 

# 7/, <Vm 

so that 

'* '• C'tf A >< f *>•** , 

W "/ 

Now if Af t , M i% Af^ M % are the molecular weights of the 
substances 
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•mil lur gUMs by Dulung uml iVtit's law 

.1//, Mj\ Af/ t c stay 




(♦# f /* » * 

CO A '» 


•Of .. v* 

* A»##l 

f i 


*#/ is the heat given mil when the quantity of (A) decomposed 
by one unit a! electricity combines with the equivalent 
quantity of /». Let uh first suppose that this quantity in 
positive* and consider the following c ases, 

ist rase, When a e f> ~ z t #/, he. when there is no change 
in volume on combination, tn this rase as 0 inc reases from 
zero to infinity ranges from zero to (*, and there- 

fore sim v it never ext eeds C it is not always possible to find 
a temperature whit h should he one of equilibtium for any 
at l»it rarity chosen set of values of p |t p ;> <r p c r r 

jnd rase, When u » /*» r * ♦/, i.e. when there is an in 
crease in volume after combination* In tins rase as & he 
metises from zero to infinity n,V// ,r » ,fr / starts from zero then 
rear lies a ma simum am! decreases again to zero, so that 
again as p/V/V ir f tr / Never exeeeds a certain maximum it is 
not always possible to hint a temperature which should be 
one of equilibrium for any arbitrarily chosen set of values of 

Po IV ,r e <f z 

jot rase, When #r » t> - z i #/» i.e, when there is a dimimt 
lion in volume after combination, In this i use as $ increases 
front zeto to infinity also im reuses from zero to 

infinity, so that in this ruse it is always possible to find 
a temperature whic h should he one of equihbiutm for any 
arbitrarily chosen set of values of /»,, p i% tr %% *r r 

We see loo flat when the combination is attended with an 
absorption of heat it is in geneud only possible to find a tern- 
pet a Hi ie which shall be one of equilibrium for any mbiimrily 
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chosen Bet of values of /»,.*%* «r,» when ihr rmnhiiiatiori m 
attended h y an ini n\m* of volume, 

Summing uj> the results of this investigation we see that, 
equation van only m general tie wj»j*h« d to eases 

where the tea* lion }*rodueiug heat is at » otttjMtttr*l by a 
diminution in volume, 

In these < uses w here /» t Vv has a ttuuimiim value 
fit ii finite temperature the mixture of gases alter femmg 
this temperature will fie in an unstable slate, lot any 
increase in the temperature will promote * umhmatna* 
and produce an evolution of heat which will m* reuse the 
temperature mill further. 
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jiiia vi HHtm i: m i m m. 

tJJ, W* h*ivr lutlirHi* Irlt < *is t *4 » llir 

rllrrl $ 4 ‘ Ml* h ihutfp 41 hit tiutul 41**! rlrt Is )* , 1 ! 
wliiiili t\v%lu*y llir trvrj nihility ill 4it V j»im* rv* m whi* t» thry 
jthty 4 |Mtt. It liMWrvrt wr hthr I hr virw that ihr |*jM|trf tirn 
uf tiiiillrt in ui *» 41 Mm-iilriri! m 4hitt,u.l 4ytt4mu * # 4tr 
Mullh’irut to 4i ) »mti* l»*r .my j*hyiu 4 1 j*hrHMmru«*o # thru 
ifTrvn'Mblr rv»n titMM hr t 4|*4hlr *»! hrisi# r%|tl*ttir«t 4% 
I III? rifrrt til * tuugr-» 4 II *4 win* h trr us nuhh*. 

Il would nut hr MiHlMrnl In r*}>him thrir ittrtrctMhlr 
cilrttht hy titiMin *4 otiltmify tlyiwtm* 4 I *yiirtn* involving 
frirfirm, futlJuti itnrll otlghh Mil tin i virw, l»> t»m|4«MMr«| 
hy ut I hr 4 * Imu *4 hu tmtilm** *iptnsu 

Iflil if rvny |ahynt»il j 4 iru**Mirmm * 40 hr hy 

ttttMii* ul frh'lnmlni tfvmmn* i! vpt mu r*u h «4 wht«h 1% 
trvmililr** thru n ImIImw j iImI if *vr * mil*! f<ti 1 y 1 the 

Jiltmoniriiofi in .ill iH ilrh«il*» t $1 ninth! hr trimihlr, s#» ih.»t 
ii% W.ri pointri! »*lif hy M 41 writ, *hr ntrtrt nihility *4 
iyilr||| 1*4 l|i|r |M llir llSUlt4liMtl *4 Mill % *4 initlllf ntlitiiott 

Tlir l , r*l , iuti wr * 411 iimI trvrf tr ririy jifu* rf •* n hr* anir wr 
Hilly jMinrii ihr \nn% r» i«| *h%4llt*g with ihr him}?* nhn sn 
4 fit I fin! oti|ivt*hi,tliy, while: ihr rrvn n.il *4 ? ;nmr c^r n 
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would n*« the reversal of the of ra* li tftdmdijal 

molecule. 

We are nut only unable to manipulate very minute 
portions of matter, hut we ate also ntahlr to separate event h 
which follow one another with great rapidity.. The tmiir 
time our sensations last tames any phenomenon which 
t'oma 4 h of events following ea* h other in tapid stinrsonti 
to present a him red appearance, so that what nr pen r ive 
at any moment in not what is happening at that mommi, 
hut merely an average effect which may he quite unlike the 
actual effect at any particular 1 mum, In * mtseqnrnf e of 
the finilettess ot the time taken by our snipes to a< t, nr ate 
incapable of neparadng two events whi* It happen within 4. 
very short interval * 4 " rat h other, just as the muteness of the 
wave length of light prevents its from seeing any separation 
between two points wbh h are very 1 lose together 1 hits it 
we observe any diet t we cannot tell by our smses wlirther 
it represents a steady state of dungs or 11 state who h is 
rapidly 1 hanging, and whose mean is whit nr annuity 
observe, We are therefore at hbnty, if if is mo ir * Mtivrutettl 
for the purposes of explanation, to look upon any rtfei f as 
the average of a series of” rapidly * hanging effetts of 4 
different kind, 

Let Ui now eomidcr the 1 axe of a system whose motion 
m tturh that in order to represent if trutioiial trims 
proportional to the velocity have to fir mtiodmed, and let 
uh annume at first that the motion is represented at raih 
innlaut by the equation* with these terms m» so that the 
dynntnieal equation* are not equation* winch are nirrely 
true cm the average, 

ft might appftir at (mi night m if we tonld explain the 
frietbnitl terim in die equations of motion m allying from 
die connexion of tmlmitliary system* with the original sytteitt 


IRREVERSIBLE EFFECTS. 


283 


just as in § 11 we explained the “positional” forces as 
due to changes in the motion of a system connected with 
the original system. Let us suppose for a moment that 
this is possible. Then if T is the kinetic energy of the 
original system, and T r that of the subsidiary system whose 
motion is to explain the frictional forces, we have, by 
Lagrange’s, equations, . 


idT_dT~ ddT 
dt dx dx dt dx 


dT' 

dx 


dV 

dx 


- external force of type x ; 


thus the term 


dd T f _dT 
dt dx dx 


must be equal to the “frictional term” which is proportional 
to x. For this to be the case, it is evident that T' must 
involve x\ The momentum of the system is, however, 
d(T-\- T')/dx, and this momentum must be the same as 
that given by the ordinary expression in Rigid Dynamics, 
viz. dT/dx. If these two expressions are identical, dT' /dx 
must vanish for all values of x , that is, T' cannot involve x, 
which is inconsistent with the condition necessary in order 
that the motion of the subsidiary system should give rise 
to the “frictional” terms. Hence we conclude that the 
frictional terms cannot be explained by supposing that any 
subsidiary system with a. finite number of degrees of freedom 
is in connexion with the original system. 

If we investigate the case of a vibrating piston in con- 
nexion with an unlimited volume of air, we shall find that 
the waves starting from the piston dissipate its energy just 
as if it were resisted by a frictional force proportional to its 
velocity ; this, however, is only the case when the medium 
surrounding the piston is unlimited, when it is bounded 
by fixed obstacles the waves originated by the piston get 
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reflected from the boundary, and tint* the energy winch 
went from the pinion to the air gets back again It him the 
mr to tin* piston, Huh the frictional terms * anmn he 
explained by the dissipation nt the energy by wave* Mm ting 
from the system and propagated through a medium Mir 
rounding it* for m tht^ case it would be pmnblr fur energy 
to flow ft out the subsidiary in!** the original system, while, 
if the frictional term 4 * are to he r*\|*btiurt! bv 4 xidnuhary 
system in connexion with the original one, the connexion 
must be sueh that energy can flow from the original into 
the subsidiary system* hut not flout the Mthmliai} mu* flu? 
original system, 

Hem e we t um hide that the equation** of motion, when 
they contain frictional terms, rrptrsrut the average mutton 
of the system* but no! the motion at any jar! it ulat instant, 

Huh, to take an example, let m suppose that we have it 
hotly moving rapidly through a gas, then, since the body 
loses by its impacts with the molecules of a gas more 
momentum than if gains from them, it will be constantly 
losing momentum, and this might on the average be repte 
Homed fry the inModmtion of a term expressing a resistance 
varying as some power of the veh« *ty ; but the equations of 
motion, with thin term in. would not he true at any instant, 
neither when the body wax sinking against a umiemle of 
the gas, nor when it was moving fie* ly ami mu in *olh%nui 
with any of the molecules, Again* if we lake the resistance 
to motion in a gas whiifi arises from its own viMmiiy, the 
kinetic theory of gases shows that the espial ions of motum 
of the gun, with a term included expressing a resistance 
proportional to the velo* ity, are not true at any particular 
instant, hut only when the average »* taken over a time 
which m large compared with the time a molecule takes to 
traverse itx own free path. 
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Since fric tional forces cannot be explained by means of 
a system in a uniform state, we shall consider the dynamics 
of a system which is subject to the action of forces which 
last only for a short time but which recur very frequently, 
Let us suppose that in the expression for the Lagrangian 
function of the system we are considering there is a term 
// width is intermittent. It has for some small time a 
finite value, then vanishes, then springs into existence 
again, then vanishes, anti so tut, repeating its value n times 
in a second. We shall for brevity speak of each of the 
epochs during which the function // has a finite value as 
a collision, and shall call tt the number of collisions per 
second* For example, in the case of a body moving through 
n gas // may he the part of the Lagrangian function which 
represents the action of a molecule of the gas on the body, 
when the body is in collision with a molecule // has a finite 
value, when however the hotly is free from collision // is so 
small that it may he assumed to he zero without appreciable 
error, 

Lagrange's equation eoucNpomling to the coordinate x 
is, if /, is the steady part of the Lagrangian function, 

d di di d d/: if if 

iff if V dx 1 if/ dx tfx 


Integrating this equation over a time T we get 


tO d df . 


tit.' 

d\'j 


iff 1 


df: 

tfA 


r* dt: 

„ dx 


■ 0. 


Now unless the structure of the system is steadily chang- 
ing [d/:jdx\: wilt either vanish or he exceedingly small, so 
that in general we may neglect it and write 


[Od di 
\di dx 


dl 

dx 


>-]. 


tfx 


iff Q, 


.(*5«) 
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Let us choose T so that though a great many collisions 
occur in this time, yet the values of x, x, x are not 
changed in it by a finite amount. 


Now if r be the time a collision lasts and if there are n 
of them per second 


<***» 


if as in a numerous class of cases ^ may be supposed to 
remain constant during the collision, we may write (252) as 


o dx 


dt~ nT 


d JL 

dx' 


where 


Since 


f r (ddZ 

*0 \dtdx 


dZ 

dx 


-/>'• 


equation (251) becomes 


ddL 

dtdx 


dL __ dy^ 
dx n dx' 


dZ\ 

dx ) 1 


Thus the effect produced by these intermittent forces is 
the same as that which would be produced by a steady 
force X of type jr and given by the equation 


X-n 


dx ' 


Similarly they would produce the same effect as a force 
Y of type y where 


Y 



If dy/dx, dy/dy do not involve the velocities x, y and 
if n the number of collisions per second is a linear function 
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'«’*< «-«•* 

wv ll” r ' UHH mV,,lvr “*• ‘animate* ,v » ,i‘ explicitly then 
</J’ i/.V 

*/v i/i* " " 

*!“' ' of ihi, e.pta.io,, will he similar to those 

developed m f Thus fur evil,!, lie suppose vve were to 

lUv ‘l« «*-M»ent of the torsional vihra- 

Of , urn- • . pen, led on the extension of the Wire, then 
' won!,! tolUv hom ( , s „ that when the wire was vibrating 

l,r •' tending to alter its length. If the 

fit. lion. tl iea.tauie to the torsional vibrations were u() 
tth.-te tl IS the angular velouty of a pointer attached to the 
tttt*-, then tl the •> 1 io\e ( iputton js true, there would lie a 
tone V tending to lengthen the wire and given hy the 

,n- ,j, 

,0 


W J*« »•*•**"• * « *!'«• length of the wire. 


x, t . #/$* 

I Ipn il ^ « Mil lUinf wr* hiivi? 


x mi 


'4* 


r/ v ' 


Win* n* r If follow* that if the* tormunat vibration* wero 
j.trfiHiIn ifinr WMitfii Ur 4 (V*n r tauling to produce bngi 
ftnlm.il v il »t .iti* it i ? i m| half thrir jirriot! , or again, if thv 
Vfn mil v Ilf 411 $ 1**11 win- writ* ailftvd by urngneti/ation 
ilirir m«$l4 l*r 4 prriMilir m4#nrti/ttig font! anting on n 
v«! n siting u nr n lionr |ir*ioit would hi* half that of flu* 
tnfntMfMt ViIitallM!**, 

f'lir 1 rf.it inti || $*1 only Mtinfml whrn a k In 

i|r|*rti 4 rtif Ilf .1 mot r, if #1 i* 4 fumihm of thcHci i|uantitii*N 

Wt? *haU h#$vr iltr frhifliitl 
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dY _ 
dx 

11 

v d log n 
A . - 

- Y 

d log n 
"dx 

instead, 

and 

if we consider force* 

t of 

a thin 

two additional relations 






dX 
ds * 

dZ 
' dx 

.. dlnff n 
A dx ’ 

-V 

d log H 
ds 

and 


dZ 

dy" 

. dV 

ds 

v d logw 
ds 


d log n 

dy 

so that 







r jdY 

dX\ 


'dX _ 

dZ\ / 

•dZ 

dY\ 

Z W 

dy) 

+ F( 

v ds 


Ay 

~ ds) 


the 


o...(254). 

In these relations X, Y, 7. are only those parts of the 
forces of types .v, y, z which are intermittent in their action. 

If from the nature of the case we tain see that the 
number of collisions is independent of some one coordinate 
x, then it follows from the above et [nations that 

i (dZ dX ' 

\d.X (is 


. f i (dY dX\ .ft (dZ dX\ , 
l0Sr, -Tx\~dx ~ dy)‘ fy + )x\dx " ds)‘ h - 


If the viscous forces arise from collisions with several 
distinct systems, instead of with one as we have hitherto 
assumed, we shall have 

* 

where n a are the numbers of collisions per second with 
the systems (i), ( 2 )... respectively, and 

Xr [ r Vdt, 

where LJ is the Lagrangian function of the rtlx system. 
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If /z 1? n Q ... are independent of x, y then as before 

dX __ dY 
dy dx 5 

but if n v n Q involve the coordinates x, y, then the relation 
(253) must be replaced by one involving higher differential 
coefficients. 

The preceding considerations show that in those cases 
where the viscous forces are due to “collisions” we have 
several criteria the fulfilment or non-fulfilment of which will 
afford us information about the constitution of the system. 
Thus if (252) is not fulfilled we conclude that the number 
of collisions depends upon the value of the coordinates, if 
(253) is not fulfilled we conclude that the viscous forces are 
due to collisions with more systems than one and so on. 

There is a great dearth of experiments on the influence 
of various physical conditions on viscous forces except 
when these forces are those which resist the passage of 
electricity through conductors. It does not seem probable 
however that in this case the resistance can be due to a suc- 
cession of impulses whose number is proportional to the 
strength of the current; for the case is not analogous to 
that of a viscous force depending on the change of shape 
or configuration of a system, where we might reasonably 
expect the number of effective collisions to be propor- 
tional to the velocity of the change. 

In order to get some idea as to how discontinuous 
forces can produce the effect of electric resistance, let us 
consider some cases in which effects analogous to resistance 
are produced by a succession of changes following one 
another in quick succession. A very good example of a 
case of this kind is the arrangement given by Maxwell 
(j Electricity and Magnetism , n. p. 385) for measuring in 

19 


T. D. 
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electromagnetic measure the capacity of a condenser, in 
which by means of a tuning fork interruptor the plates of a 
condenser are alternately connected with the poles of a 
battery and with each other. If the rate of discharge h 
very rapid, this arrangement of condenser and tuning iork 
produces the same effect as a resistance ijnC where (* i% 
the capacity of the condenser and n the number of times it 
is discharged per second. Thus in this east* a combination 
of induction and discharge produces the same effect m a 
resistance. Another case in which the conditions are plainly 
discontinuous but which produces the same effect m a 
continuous current, if the rate of alternation is sufficiently 
rapid, is when electricity passes through a closed glass tube 
filled with air. If electrodes are fused into the tube and 
connected to an electrical machine in action there will be 
no discharge of electricity across the tube until the electro- 
motive force gets large enough to break down the electric 
strength of the air, when a spark will pass, an interval wilt 
elapse before the second spark passes, during which the 
electromotive force inside the tube will be increasing to the 
value necessary to overcome the electric strength of the air, 
If this interval is very short then the successive discharges 
will produce the same effect as a continuous current through 
the tube. The consideration of this case may also throw 
some light on the mechanism by which the discharge is 
effected, for there are many reasons for believing that in 
this case the discharge is accomplished by the decomposi- 
tion of the molecules of the gas, the energy required for 
this decomposition coming from the electric field, amt the 
consequent exhaustion of the electric energy producing the 
electric discharge. The reasons which lead us to this con 
elusion are as follows ; 

(x) Different gases differ much more in their electric 
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strengths than they do in other physical qualities, the 
difference is much more comparable with the differences 
between their chemical properties than their physical ones, 
and the difference between a chemical and a physical pro- 
cess seems to he that in the chemical process the mole- 
cules are split up while in the physical one they are not. 

($) In many cases there is direct evidence from both 
spectroscopic and chemical analysis that this decomposition 
takes place, and again gases of complex composition 
whose molecules are easily split up are also electrically very 
weak. 

(3) We can explain by this hypothesis in a general way 
(P/ve. Cam Ik Phil. Soe. v. 400) why the electric strength 
should gradually diminish as the gas gets rarer and rarer, 
until when the pressure is about that due to a millimetre 
of mercury the electric strength is a minimum, when the 
pressure falls below this value the electric strength increases 
again until at the highest exhaustion which can be got by 
the best modern air pumps the strength is so great that it 
is almost impossible to get a spark through the gas. 

(4) I.)r Schuster has shown ( Proc. Royal Society } xxxvii. 
p. 3 iH) that the electrical discharge through mercury vapour 
which is supposed to be a monatomic gas presents a 
peculiar appearance and passes with great difficulty, and 
quite recently Hertz. (Wied. Ann. xxxt. p. 983, 1887) has 
shown that the electric discharge passes more easily through 
a gas when it is exposed to the action of violet or ultra-violet 
light than when it is in the dark ; since ultra-violet light has 
a strong tendency to decompose the molecules of a gas 
through which it is passing, this is very strong evidence in 
favour of the view that the discharge is caused by the 
splitting up of the molecules of the gas. 

in the case of the electric*, discharge through gases the 
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insulation seems to be perfect until the electromotive force 
reaches a definite value, when a spark passes. Thus the field 
can apparently not be discharged by a rearrangement of the 
molecules unaccompanied by decomposition. There is evi- 
dence however that when the molecules are split up into 
constituents a state of molecular structure is produced in 
which the discharge may he produced by rearrangement 
without further decomposition. Thus I >r Schuster has shown 
(Pm, Roy, Sot\ xmi, p. 371) that when a strong electric dis 
charge passes through a gas, a very small electromotive force 
is sufficient to produce a current in a. region of the gas 
screened off from the electrical influence of the primary diro 
charge. Again Ilittorf found that a gas was weakened for 
discharges in the horizontal direction by passing a vertical 
discharge through it. The diminution in the electric strength 
of a gas after the passage of a spark can Ik* accounted for in 
the same way. Again in Mr Varley’s experiments on the 
electric discharge through gases (Pm, AVy. .See. xtx. 236) 
the quantity of electricity which passed through a tube filled 
with gas was proportional to K - /q, where E is the difference 
between the potentials of the electrodes and /q, a constant 
electromotive force, in other words the quantity of electricity 
which flowed through the tube was proportional to the excess 
of the electromotive force above that which broke the dielec- 
tric down; this seems to indicate that tin? electromotive 
force E k) produces a supply of atoms in the nascent condi- 
tion and that the rearrangement of these atoms discharges 
the field. 

In the case of fluid insulators the insulation for low 
electromotive forces is not as in the case of gases perfect, 
A condenser the plates of which are separated by a liquid 
dielectric always leaks however small the difference between 
the potentials of the plates may be. Borne experiments 
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recently made by M.r Newall and myself ( Proc. Roy. Soc. 
xi. u. p. 410) showed that for small electromotive forces the 
leakage obeyed Ohm’s law, that is, was proportional to the 
difference of potential between the plates. This indicates 
that the leakage is produced by the rearrangement under 
the electromotive force of some molecular condition, and 
that this condition is not produced by the electric field, for 
if it were the leakage would vary as a higher power than the 
first of the electromotive force. Quincke, who investigated 
the passage of electricity through the same liquids, using 
however electromotive forces comparable with those which 
would produce sparks through the dielectric, found that under 
these circumstances the quantity of electricity passing through 
the dielectric varied as a higher power than the first of the 
electromotive forces, which is just what we should have ex- 
pected if the electric field split up the molecules of the fluid. 

There are many liquids which, though they only conduct 
electricity with great difficulty when pure, yet when salts or 
other substances (which may themselves be non-conductors) 
are dissolved in them, conduct readily. This kind of con- 
duction is called electrolytic and is accompanied by effects 
which are not observed in other cases. 

Since the solvent is not a conductor, the discharge of 
the electric field which constitutes conduction must in some 
way or other be due to the action of the substance dissolved 
in it. The consideration of the discharge through gases as 
well as the chemical decomposition which always accom- 
panies this kind of conduction suggests that in this case the 
discharge is caused either by the splitting up of the mole- 
cules of the salt by the electric field, or else by the 
rearrangement when in a nascent condition of the atoms of 
a molecule of the salt or the constituents of a more complex 
molecule containing both salt and solvent, the splitting up of 
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the molecule being done independently of the electric* licit II 
The first of these methods is unlikely for the following reasons* 

(t) If it were true it would require a finite electro 
motive force to start a current through an electrolyte* just 
as to send a spark through a gas, whilst from the evidence 
of many experiments it seems dear that the smallest electro- 
motive force is sufficient to start a current through an 
electrolyte. 

(2) The experiments of Prof. Fitzgerald and Mr Trmium 
{Report of the British Association Committee on Eteetrolym % 
1 886, p. 312) have shown that Ohm’s Law is obeyed with 
great exactness by a current flowing through an electrolyte, 
whereas if the electromotive forex* had to break up the 
molecules the current would be proportional to a higher 
power than the first of the electromotive force. 

(3) If the molecules were split up by the current then 
the salt will form a greater number of individual systems 
when the current is flowing than when it is not. Now the 
rise of the solution in an osmometer and the lowering of its 
vapour pressure depend upon the number of molecules in 
unit volume of the liquid and not upon their kind, so that if 
the number of separate systems is increased by the passage of 
the current these effects ought to be increased by the passage 
of a current through the solution. I have lately made some 
experiments on both these effects and have not been able 
to detect that the slightest change was made by the c urrent, 

For these reasons we conclude that the splitting up of 
the molecules which allows the current to pass is not' caused 
by the electromotive force but takes place quite indepen- 
dently of the electric field. 

The forces between the atoms in a molecule are usually 
too strong to allow of any arrangement under the electric 
field, but when the molecule breaks up and these interatomic 
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forces either vanish or become very small the constituents 
of the molecule are free to move under the electro- 
motive force, and they will move so as to diminish the 
strength of the electric field. In order to form a definite 
idea of the way in which the field gets discharged we 
may take the usual view that the constituents into which 
the molecule splits up are charged with opposite kinds 
of electricity, and that when the molecule splits up the 
positively charged constituent travels in one direction, the 
negatively charged one in the other; in this way we get 
two layers of positive and negative electricity formed, the 
electric force due to which neutralizes in the region between 
the layers the external electric force. The positively charged 
molecules soon come, into the neighbourhood of some 
negatively charged ones travelling in the opposite direction 
and they recombine, while the negatively charged ones 
do the same with some positive molecules, thus the 
force due to the layers vanishes and the external electric 
field is re-established to be soon demolished again by the 
decomposition and rearrangement of other molecules. 

Although we suppose that the current is transmitted by 
the molecules of the electrolyte breaking up, this does not 
necessarily imply that the electrolyte should when free from 
electromotive force be largely dissociated, for all that is 
necessary on this view for the passage of a current is that 
the molecules of the electrolyte should split up, and there is 
nothing to prevent our supposing, if other reasons render it 
probable, that they would instantly re unite if no electromo- 
tive force acted upon them. And since the state of dissoci- 
ation depends upon the ratio of the time the atoms remain 
dissociated to the time during which they are combined, we 
may make this as small as we please and yet have continual 
splitting up of the molecules. 
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There does not seem any necessity lor supposing that 
the passage of electricity through metals and alloys is 
accomplished in a fundamentally different way from that 
through gases and electrolytes. For the chief differences 
between conduction through metals and through electrolytes 
are (1) that in electrolytic conduction the components of 
the electrolyte appear at the electrodes, and we have polar 
ization, and (2) that the conductivities of electrolytes he 
crease while those of metals diminish us the temperature 
increases. 

Let us begin by considering the first of these differences, 
that of polarization. A little consideration will show that we 
could hardly expect to detect it in the case of metals or 
alloys, for here instead of, as in electrolytes, the property of 
splitting up being confined to a few umleeules sparsely scat’ 
tered through a non conducting solvent, the whole of the 
molecules can split up, thus the rate of disappearance of 
any abnormal condition would be almost infinitely greater 
than in the case of electrolytes, so that if any polarization 
were produced it would probably die away before it could 
be detected. Let us next consider the appearance of the 
constituents of the conductor at tin* electrodes, The only 
case in which we could expect to detect this is that of the 
alloys, but even in this case Prof, Roberts Austen was 
unable to detect any change of composition in the alloy 
round the electrodes ; we must remember however that an 
alloy differs very materially from an electrolyte because 
while in the latter we have a few 44 active*' molecules 
embedded in a non conductor, in the former it is as if the 
solvent as well as the salt conducted, so that the discharge 
is not concentrated on a few molecules of definite com- 
position but can travel by an almost infinite variety of 
paths. 
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Then again the statements about the effect of heat on 
the conduct ivity of elements amt elec trolytes though lute tn 
general are subject to exception*,, linn, the 1 ondm mines of 
ntiemuiti, phosphorus amt cat lion increase an thr tempeta 
ture increitst\s ; that of bismuth is Haul to increase at cerium 
temperattuvH* ami I have lately found that the conductivity 
of an amalgam containing ahout 30 per rent, of mm amt 
70 of mercury is greater at Ho“C!„ than at * 5** C a * We must 
remember tun that the rate ot metrase of conductivity with 
temperature fur electrolytes diminishes as the rum enfMtmn 
increases. fsfu sharp hue of demarcation r an therefotr he 
drawn between the two e lasses of romltit torn on tins 
account. 

There does not seem any dilfemice between metallic 
and eleetmty tin eonduetiou whirl* eouht not be utiiihtttcd 
to the vastly greater number of molecules taking past m 
metallic conduction, whilst assuming that in all eases the 
current consists of u series of intermittent discharge* caused 
by the rearrangement of the constituent* of molmda* 
systems, 

We shall therefore proceed to examine the dynamical 
results to which such a conception of tire circuit etitteut 

lead*. 

1 4i u% r.x insider the ease of an elec ti it field where the 
electromotive? force is everywhere parallel to the axis of 1 
bet the clet frit" displacement in this due* tint! hr A then in 
die latgrungiun function of unit volume of the medium there 
is the term 

inf 9 

K 1 


where K is the spec ifi* inductive capacity of the medium 
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This term gives rise to the force 

4K / 

K 

parallel to the axis of a*. In consequence of the conftfttial 
rearrangement of the molecular systems //A" in not uniform 
but keeps alternately vanishing and rising to a maximum 
value. If these alterations are sufficiently rapid the effect 
represented by this term will he the same us that of a steady 
force equal to its mean value, that is to 

-/"S'* 

Let us suppose that in consequence of the rearrange- 
ment of molecular systems / vanishes n times a second, ntul 
that t is the period which elapses between the end of one 
period of extinction and the end of the next, then 

j' o *]£jt 4 *»\'J K ** 

where f is the maximum value of/' and (i a quantity which 
depends upon the ratio of the time the field is destroyed to 
that during which it exists. 

When the molecular systems rearrange themselves so m 
to discharge the electric field molecules charged with f 
units of electricity pass through unit area in one direction, 
while f units of negative electricity are carried by moleeuleH 
moving in the opposite direction. 

Thus 2nf is the sum of the positive electricity moving 
in one direction and of the negative in the opposite piiistng 
through unit area in unit time, it is therefore equal to ft 
where u is the intensity of the current, and since m m 
equal to unity, the force we are considering equals 

2 7T$ 

- L u. 
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so that this continual breaking down of the field produces 
the same effect as if the substance possessed the specific 
resistance airfijn A\ dims the greater the number of times 
per second the displacement breaks down &<%, the better 
the conductivity. 


Now the breaking down of the displacement is caused 
by the rearrangement of the molecules, and the rearrange- 
ment of the molecules in a solid will produce murh the 
same effects as the < ollisiuns between the molecules of a 
gas, and will tend to equalize the condition of the solid, 
thus we might expect the rate of equalization of temperature 
to increase with the number of molecular rearrangements. 
The eleett icul conductivity would also increase in the same 
way, so that this view nts in with the correspondence which 
exists between the onlem of the metals when arranged ac- 
cording to thctmal and to clrctrh al conductivities, 


The preceding investigation of the resistance of such a 
medium is only valid when the electromotive force is up 
proximate!)* constant over a time which includes a great 
many disehatges, If the displacement were to lie reversed 
during flic interval between two successive rearrangements 
of the molecules the substance would behave like an insula- 
tor and not like a « onducior. If *t in the specific resistance 
of the substance then 


or 


Zff/I 

nh 




n 


4 it / I 

** A ' 


where all we know* about ft is that if cannot be greater 
than unity* To find a superior limit to n let us assume 
that ft has its maximum value, and that A <! h 7 *j * uf' 
which is about the same as tor light flint glass, then the 
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number of times the field breaks down a second is given 
by the following table : 



<T 

n 

Silver 

1-6 x io 8 

5 x io 17 

Copper 

1*6 x io 3 

5 x io 17 

Gold 

2*1 X IO 3 

4 X IO 17 

Platinum 

9 x io 3 

9 x io 10 

Lead 

2 X io 4 

4 X IO 10 

Mercury 

9*6 x io 4 

8 x io 15 

Water with 8*3 per cent, of 
sulphuric acid 

3-3 X ro 9 

2*4 X IO 11 

Copper sulphate and water 
(CuS 0 4 + 45 H 2 0 ) 

1 ’9 x io 10 

4*2 x ro 10 


According to the electromagnetic theory of light the 
electric displacements which constitute light are reversed 
nearly io 16 times per second; comparing this with the 
number of times the field is discharged in an electrolyte, we 
see that the displacement would be reversed many times 
a second before it was discharged and hence that such 
substances would behave like insulators to these rapidly 
alternating displacements, and so according to the electro- 
magnetic theory of light should be transparent, which as a 
matter of fact most of them are. Again, we have certainly 
overestimated /3 and probably underestimated AT; if we take 
this into consideration we may conclude that the number 
of times the field is discharged is probably even in the 
best metallic conductors not much greater than the number 
of times the displacements accompanying the propagation 
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of light are reversed, hence we need not be surprised that 
metals in thin films possess a transparency almost infinitely 
greater than that calculated on the assumption .that their 
conductivity is the same as that for steady currents. 

The number of times the field is discharged at any point 
will depend upon the number of molecules which split up 
in unit time and the distance which these travel before 
combining. If m is the number of times the molecules 
in unit volume split up in unit time and if it requires q 
molecules per unit ai*ea to be split up in order to discharge 
the field, then if the molecules after being split up travel 
a distance x under the influence of the electromotive force 
before again entering into combination, we shall have 

m 

n = — x, 
i 7 

since any q molecules which break up within a distance x/ 2 
on either side will discharge the field. Since both x and q 
will be directly proportional to the electromotive force, 
n will be independent of it, if the splitting up of the 
molecules is accomplished by other means. 

Since u = 211I = 2 — xt 

9 

and since, if the substance is an electrolyte, 

f « q€, 

where c is the charge on either of the ions into which the 
molecule splits up, we have 

u ss 2 mx*. 

So that if iVbe the number of molecules of the salt in 
unit volume 


302 


DYNAMICS. 


- .v x (number of times each molecule breaks up per second) 
the distance between the two ions at the end of one 
second. 

But t// 2 A ; c is, see Lodge, AV/WV tw /iMirolym % British 
Association Report, 1885, p. 755, the quantity called by 
Kohlrausch the sum of the velocities of the ions, and if 
we assume that the ratio of the velocities is given by 
experiments on the migration of the ions, this view of the 
current would lead to the same expression for the absolute 
distance travelled by each ion in unit time as that given by 
Kohlrauseh. 

A full discussion of this would however lead us too far 
from our purpose, whic h is merely to use this conception of a 
current to deduce reciprocal relations from the effects of 
various physical agencies on resistance. 

The specific resistance of a substance according to our 
view is 

2 rrfi 
n'K 1 

and if this varies when the circumstances are ( hanged it 
may be because either fi, //, or K are changed. To take 
an example the resistance of a metal wire seems to be 
slightly affected by strain, this may arise either from the 
specific inductive capacity being altered by strain, or by the 
strain altering the number of times a second the molecules 
split up, or finally by an alteration in the time the field 
remains discharged, The term 

K 

in the Lagrangian function corresponds, see § 35, to a force 
equal to 

3vJ 7? A‘ 
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Jl1u Ung to produce an extension e. Thus unless the altera- 
in tlie resistance was due to the alteration of K with 
{lie there would be no corresponding elastic force. 

It however it does arise from the alteration of K with the 
strairi t;he mean value of the elastic force is 


d 1 



ami />*« rf-aj, 

;o rL 

wilt; re ot is a number which cannot be greater than unity, 
iincl which like fi depends upon the time the held remains 
dintth a.rg;ed. 

r FH\xs the mean value of the elastic force 


2 ’irlda d\ 0 gK 
Kid ' de 


end cl d log K 
fin de 

IT or good conductors this term will be exceedingly small 
tilt account of the smallness of o-/«, see the table p. 300, 
unci ovon for bad conductors it will never get large enough 
to make it comparable with the large forces required to 
proclu.ee an appreciable change in the extension. 

If ^ is a coordinate of any type this term indicates a 
force of type x equal to 

cr a id dlogK 
fin dx 5 

or txs it may be written 

crhdaK dlogK 
“ 27 T/S a dx 

jSTcrw K is of the order io" 8 ' and <ru, the electromotive 
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force, even for a fall of 10 volts per centimetre, i* only io“, 
so that in this case the force of type v is oi llte order 


a d log A 
rft* dx 


and so is exceedingly .small ; hence we conclude dull tile 
reciprocal effects corresponding to the effects olnmed m 
the resistances are probably much too small to he capable 
of detection unless for very had conductor* under the 
influence of electromotive forces comparable with those 
used in experiments on static electricity* 
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